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Abstract

I study the binding agreements that may result from players negotiating over their be-
haviour in an underlying strategic environment. To do so, I propose a negotiation protocol
where, in each round of negotiation, agents make public proposals of the action they will take
in the underlying game. The protocol terminates when these proposals are confirmed. Confir-
mation results in a binding agreement over the action profile and payoffs are the corresponding
ones in the underlying game. I study the outcomes of Negotiated Binding Agreements of the
negotiation protocol, which is a refinement of Subgame Perfect Equilibrium that I introduce
in this context to obtain both credibility and tractability. The main results show that any
outcome of the underlying game that is agreed upon must satisfy an iterative individual ra-
tionality constraint. Additionally, an outcome of the underlying game can be agreed upon if
appropriate individual punishments in the underlying game can be found. A full characteri-
sation is provided for two-player games. Finally, to allow for the possibility that agents make
binding agreements over how they will negotiate, I extend the solution concept to allow for
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1 Introduction

Negotiations and their resulting binding agreements play an important role in the economy.1

Many such negotiations take place over multiple dimensions of a problem. For instance, when

prospective employees and employers negotiate, they may do so over pay but also the opportunity

for flexible working, parental leave, vacation time, or other work benefits and conditions. In

some cases, the non-monetary components may be the only aspect of negotiation. This would be

true, for instance, if pay is fixed within a range, a common occurrence in public institutions or

sectors with a strong union presence.2 Given this, the negotiation is over agents’ behaviour in

an underlying strategic environment, such as the provision of benefits by the employer and the

acceptance of an offer by the employee. Similarly, negotiation also occurs when buying a house,

where the timing of the move and renovations needed may be key. Countries negotiate tariffs

and quotas and committees may negotiate contributions to a public good, both of which are well

represented by a negotiation over underlying strategic behaviour.

Despite their empirical relevance, understanding the theoretical predictions of outcomes of

negotiated binding agreements over strategic behaviour has proven challenging. On one hand,

some works provide fully specified models of negotiation and agreements, that ensure credibility

of behaviour at all stages of the negotiation (Kalai, 1981; Bhaskar, 1989; Chwe, 1994; Mariotti,

1997). However, due to the complexity that these models entail, they do not provide results that

can be applied to a broad range of environments. On the other hand, there are models that provide

easy-to-use and tractable conditions for what can be agreed upon in the underlying environment

(Aumann, 1961; Chander and Tulkens, 1997; Currarini and Marini, 2003). However, they abstract

from credibility while negotiating, allowing for punishments that may never be agreed upon when

agents do not negotiate as expected. Presently, the tension between tractability of agreement

outcomes and credibility of negotiation behaviour has been difficult to resolve.

In this paper, I bridge this gap between credibility of negotiation and tractability of agreement

outcomes. I do so by proposing a negotiation protocol for binding agreements over behaviour in

an arbitrary underlying strategic environment, or game. I study the outcomes of Negotiated

Binding Agreements of the negotiation protocol, a refinement of Subgame Perfect Equilibrium to

ensure that agreement outcomes are the result of agents negotiating credibly. I show that for a

general class of settings, the outcome that may be sustained by Negotiated Binding Agreements

of the negotiation must satisfy an iterative individual rationality constraint in the underlying

game. Additionally, an outcome can be agreed to if it provides each agent with a payoff higher

1In 2021 alone the National Association of Realtors estimated 6.12 million existing homes were sold at a median
price over $350,000 in the US. All such sales involve a binding agreement and are negotiated in some respect.

2Negotiating over wages is rare in the US school system. An exception is in Wisconsin due to Act 10, which
allowed individual negotiation over the employment contracts for teachers, leading to a better understanding of
negotiation empirically (Baron 2018; Biasi 2021; Biasi and Sarsons 2021, 2022).
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than received by an “individual punishment” profile in the underlying game. These individual

punishments are such that, relative to the target agreement, the cost of punishing others is smaller

than the cost of being punished. Further, each agent must best respond to their punishment

profile in the underlying game.3 In this sense, I reconcile the rigour of Subgame Perfection in

the underlying non-cooperative negotiation game with easy-to-check conditions for agreement

outcomes in the underlying game.

A number of applications are used to show how the results lead to intuitive agreement out-

comes. For instance, taking the underlying game to be a public goods game, I show that an agent

can agree to contribute if and only if they are sufficiently “compensated” by others’ contributions.

When the underlying game is a Cournot Duopoly and quantities are negotiated over, the possible

agreement outcomes depend on the difference between firms’ marginal costs. When the difference

between marginal costs is small, many outcomes can be agreed to. This is as a firm can credibly

agree to flood the other firm out of the market, given the other could do the same. In contrast,

when there is a large difference between marginal costs, the only possible agreement is the efficient

firm receiving their monopoly profit. This is because, given the differences in their marginal costs,

the less efficient firm can not credibly agree to flood the market at all.

The negotiation protocol I consider regarding the behaviour players should take in the under-

lying game takes the following form. In each period, each agent makes a proposal of the action

they will take in the underlying game. Agents then observe the proposals made by all others and

can decide whether to “confirm” their choice or propose a new action. Confirmation is modelled

by proposing the same action again. If all agents confirm their choice of action, a binding agree-

ment is made. This binding agreement is to take the confirmed action profile and therefore each

agent receives the payoff of said outcome. If any agent does not confirm their choice, the new

proposed actions are observed and all agents make the same confirmation or new proposal choice.

Agents repeat this process until confirmation, or agreement, is made by all agents.4 When agents

never agree, or there is perpetual disagreement, I make a weak assumption on the payoffs that

result. consistent with many interpretations, which are discussed in full in section 2.5

As the aforementioned negotiation protocol defines a dynamic game with complete infor-

mation, I explore a refinement of Subgame Perfect Equilibrium to ensure agents always credibly

negotiate in their own best interest. I impose two main refinement criteria: Firstly, I only consider

Subgame Perfect Equilibria of the negotiation game that result in agreement, as the agreement

3This condition is similar, but distinct, from the conditions of player-specific punishment in infinitely repeated
games (Fudenberg and Maskin, 1986; Abreu et al., 1994) which is discussed at greater length within the paper.

4Other methods of locking in their proposals, if simultaneous and all respected, would lead to the same results.
5For instance, it is consistent with probabilistic termination, taking this probability of termination to 0 or taking

the weighted average of all proposals made. Additionally, I show that the results of the paper are consistent with a
number of variations in this baseline procedure, including in the timing of proposals, proposing action profiles, and
in the payoff of perpetual disagreement, studied in Appendix A.
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outcomes are the key objects of interest of this paper. Secondly, I impose a no babbling condition

where agents only make proposals of actions they could agree to.6 I refer to this solution concept

as Negotiated Binding Agreements. The agreement outcomes of the Negotiated Binding Agree-

ments will be referred to as supported by a Negotiated Binding Agreement. As the negotiation

game has infinitely many histories, with different types of terminal histories, this is a complex

object to consider. However, I show that Negotiated Binding Agreements allow for a tractable

solution, which I outline next.

Firstly, I show that a necessary condition for any action profile supported or proposed in a

Negotiated Binding Agreement must survive iterated elimination of individually irrational actions

of the underlying game, which I introduce in this paper. Specifically, an action a is individually

irrational if, given the most optimistic beliefs the agent can have when evaluating it, the payoff

it induces is still strictly worse than the minimum payoff that an agent can receive from best

responding to some action profile of others. Performing this process iteratively, deleting all in-

dividually irrational actions within a round before moving to the next, results in actions that

survive iterated elimination of individually irrational actions. I show that the minimum payoff

that an agent can receive from a Negotiated Binding Agreement outcome is always weakly higher

than the worst best response payoff in the underlying game, taken over the set of actions that

survives iterated elimination of individually irrational actions. The conditions for deletion and

calculating the minimum payoff are simple to implement in any underlying game that is finite or

with smooth utility functions.

Secondly, I provide sufficient conditions for the outcomes supported by a Negotiated Binding

Agreement. I show that any outcome in the underlying game that gives all players a payoff weakly

higher than their “individual punishment” profile can be supported by a Negotiated Binding

Agreement. These punishments are used as “threat” agreements, where the punishment of an

agent will be agreed to in the case that they do not act as expected when negotiating. The

individual punishment profiles are such that (i) the payoff for any other players’ punishment is

weakly better than the payoff of their own punishment and (ii) when being punished, each player

is prescribed to play their best response within the underlying game to their punishment profile.

This is similar, although more restrictive, to player-specific punishments used in the literature of

infinitely repeated games, for example in Fudenberg and Maskin (1986) and Abreu et al. (1994),

which will be discussed further within the paper. These sufficient conditions imply that any

action profile that Pareto dominates a pure Nash equilibrium in the underlying game can always

be supported in a Negotiated Binding Agreement. In two-player games, this sufficient condition

is also necessary, leading to a full characterisation in this class.

6The no babbling assumption can embed a form of no delay equilibrium used within bargaining games with a
large number of players (Chatterjee et al., 1993), imposing that all proposed divisions of surplus can be agreed to.
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I explore three key applications. The first, where the underlying game is a simple three-bidder

First Price Auction with heterogeneous valuations, is used as a leading example to display the

key results of the paper and provide the intuition behind them. In this case, in any profile of

bids supported by a Negotiated Binding Agreement the bidder with the highest valuation must

receive the good with positive probability. However, in comparison to the Nash equilibria of this

underlying game, it is possible that any bidder receives the good with positive probability, at many

different prices. Nonetheless, these possibilities are restricted by the minimal payoffs that bidders

must receive, and therefore it is not the case that any outcome is possible. The second application,

studied in section 4, takes the underlying game to be a public goods game. Here I show that an

agent can contribute if and only if a minimal level of aggregate contribution is reached, permitting

both full contribution or no contribution at all. With this, an agent would only agree to contribute

if they are sufficiently compensated by the contributions of others. The third application, also in

section 4, considers a Cournot Duopoly with linear demand and heterogeneous marginal costs. I

show that when marginal costs are the same, any profile of payoffs that gives both players positive

profits is supportable. In contrast, when marginal costs are extremely different, only the efficient

firm receiving their monopoly profit can be supported. These results are intuitive and display the

ease of use of the conditions.

Negotiated Binding Agreements as a solution concept only contemplates unilateral deviations,

but we may also be interested in the possibility of agents making binding agreements over how

they will negotiate. To allow for this, I extend the solution concept to allow for cooperative

agreements within the very negotiation game. I do so by introducing coalitions of agents to

jointly choose a new strategy and will do so if it is profitable for all agents within the coalition.

This may include permissible coalitions that overlap. The novelty of permitting coalitions to

overlap can offer new insights into environments when agents may be members of multiple groups

simultaneously. For example, within international trade and politics, groups with international

agreements regularly overlap. This occurs when country A is in a coalition with country B,

country B is in a coalition with country C, but there is no coalition which contains countries A

and C.7 Such arrangements of groups frequently occur in economic environments but are not

typically considered in the literature.8

To capture the possibility of agents acting in such a way within the negotiation procedure,

in section 5, I define the concept of C-Negotiated Binding Agreement. Here, no coalition in a

predefined set C can profitably deviate at any history and a no babbling condition is imposed. In

7For instance, Australia is in The Regional Comprehensive Economic Partnership (RCEP), which can be seen
as a coalition in multinational negotiations. RCEP also includes members of the Association of Southeast Asian
Nations, which Australia is not a member of.

8As far as I am aware, all results within the literature are based on the assumption of no overlapping coalitions.
One exception to this, providing results when allowing for overlapping coalitions, is Gavan (2022), where I provide
an existence result for an equilibrium concept that allows for overlapping coalitions.
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section 6, I show that the natural extension of the baseline necessary and sufficient conditions for

agreement outcomes hold. Within C-Negotiated Binding Agreement, players only make proposals

from the set of actions that survives iterated elimination of coalitionally irrational actions in

the underlying game, defined similarly to individually irrational actions taking coalition-wide

preferences into account. Further, for all permissible coalition the outcome of negotiation must

satisfy a notion of coalitional rationality in the underlying game. These conditions can be viewed

as a perturbed version of the cooperative game theoretic notion of the β-core (Aumann, 1961).9 I

provide sufficient conditions of the outcomes of the underlying game that can be supported using

coalition-specific punishments; a further refined version of the β-core. In a simple Cournot model

with fixed costs, I show that all the β-core outcomes can be sustained in C-Negotiated Binding

Agreement, while having the backing of a fully specified negotiation procedure, which is not the

case for the β-core itself.

By providing tractable results for outcomes of a given underlying game that are based on a

refinement of Subgame Perfect Equilibrium of a fully specified model of negotiation, I contribute

to a number of important strands of literature on the theory of binding agreements over strategic

environments. The first strand that this paper contributes is where papers that provide easy-to-

check conditions on the underlying game for agreements. Existing work in this strand focuses

on what can be sustained by taking a cooperative game theory approach. In that literature,

reactions to a deviation from a candidate agreement are not credible in the sense they do not

have to satisfy the same conditions as an agreement itself (Aumann, 1959, 1961; Chander and

Tulkens, 1997; Currarini and Marini, 2003). For instance, these concepts may allow for any

punishment to be used to prevent deviations, even if such a punishment may never be agreed to.

Alternatively, they may take away the ability for groups to act jointly in reaction to a deviation,

while they may act jointly in a deviation. This in essence requires that after a deviation the

reaction may not be agreed upon in the same sense as the original notion. These concepts take a

cooperative view that abstracts from why or how agents would act in such a way. Making such

assumptions allows for a much larger degree of tractability, making it simple for an analyst to

evaluate what can be sustained in the underlying game with such notions. Nonetheless, they can

make unreasonable predictions for agreements in some applications, due to allowing potentially

non-credible threats.10 I contribute to this literature by ensuring that the conditions I provide

are backed by a fully specified model of negotiation where the solution concept ensures credibility

at all stages. In a second strand, there are approaches that provide a negotiation procedure

and companion solution concept where agents believe that others will act credibly within their

own best interest, with consistent tools at all stages of the negotiation (Kalai, 1981; Bhaskar,

9The β-core allows any outcome that is better than the worse-case scenario for any group to be agreed upon,
even if these worst-case scenarios make use of non-credible behaviour that could never be agreed upon.

10Scarf (1971) provides an early observation of this issue in reference to Aumann (1961)’s α-core, pointing to the
potential unreasonable use of any punishment to prevent deviations.
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1989; Mariotti, 1997; Ray and Vohra, 2019). These concepts are fully specified and have well-

defined behaviour to back them, but often intractable due to the richness of behaviour that these

procedures allow for. As a result, they fail to provide easy-to-check conditions for a general

underlying game. I contribute to this strand of literature by providing easy-to-check conditions

for agreement outcomes for any underlying game. In section 7, I expand on the relations to these

and other works within the literature review. I conclude the paper in section 8, pointing to a

number of directions for future work.

2 Model

Let the underlying game being negotiated over be G = 〈N, (ui, Ai)i∈N 〉 where N = {1, 2, 3, ..., n}
is a finite set of players, Ai is a set of actions for each player with typical element ai ∈ Ai.

A = ×i∈NAi is the set of action profiles with typical element a ∈ A. ui is utility function such

that ui : A→ R and ui is bounded for all i ∈ N . Let A−i = ×j 6=iAj . I make no further restrictions

on the underlying game. In particular, A need not be finite nor compact, nor ui be continuous.

I now define the negotiation game over G. There will be potentially infinitely many periods

to reach an agreement, the process will take the following form. In each period, agents make

a proposal of the action they will take within the underlying game G. Agents then observe

the proposal made by all others. After doing so, they may simultaneously decide whether to

“confirm” their choice by proposing the same action again, or alternatively propose a new action.

If all agents confirm the proposal that they made, an agreement is made, and that action profile

is implemented in a binding way. If not, they continue to the next round and continue the same

process until confirmation is made by all agents, leading to an agreement. If there are infinitely

many periods without agreement, I refer to this as perpetual disagreement.11

Formally, let the set of partial histories consists of all h = (a1, a2, ..., ak) such that at 6= at−1

for any t ≤ k where at = (ati)i∈N denotes the profile of proposals made in period t. I will denote

the set of all partial histories by H. Proposals are assumed to be made simultaneously within a

period, and therefore no history is such that only some agents have made proposals.12

A history is terminal if, either:

a) the same action profile is proposed twice in consecutive periods, and no earlier occurrence

of consecutive repetition is present. That is, z = (a1, ..., ak−1, ak) is terminal if ak = ak−1

11Formally, this game is similar to that used in the farsighted stable set for games, which is discussed at length
in literature review in section 7.

12See appendix A for this extension.
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and am 6= am−1 for all m < k. Let the set of such histories be denoted by Z ′ and refer to

such histories as with agreement.

b) or there is an infinite sequence of proposed action profiles where the same action profile is

never proposed consecutively. Let the set of such histories be denoted by Z ′′. I will refer to

these as histories with perpetual disagreement.

Let the set of all terminal histories be given by Z = Z ′ ∪ Z ′′.

Let Ui : Z → R denote the payoff for player i ∈ N of the negotiation game.

Whenever there is agreement, it is assumed that the payoff is that of the agreed upon action

profile. Formally, whenever z = (a1, ..., ak) ∈ Z ′, that is a history that ends in agreement, let

Ui(z) = ui(a
k) for all i ∈ N .

Whenever there is perpetual disagreement, it is assumed that the payoff is defined to be

between the lim inf and lim sup of the utility in the underlying game of the proposals made.13

Formally, whenever z = (a1, a2, ..., ak, ...) ∈ Z ′′, that is a terminal history with perpetual disagree-

ment, I assume that Ui(z) ∈ [lim inft→∞ ui(a
t), lim supt→∞ ui(a

t)]. This ensures the following

properties hold:

1. For any z′ ∈ Z ′ and z = (a1, a2, ..., ak, ....) ∈ Z ′′ if ∃T ∈ N such that infat,t>T ui(a
t) > Ui(z

′)

then Ui(z) > Ui(z
′).

2. For any z′ ∈ Z ′ and z = (a1, a2, ..., ak, ....) ∈ Z ′′ if ∃T ∈ N such that supat,t>T ui(a
t) ≤ Ui(z′)

then Ui(z) ≤ Ui(z′).

3. Ui(z) is bounded for any history, and is bounded by the same bounds as ui in G.

This restriction is consistent a the standard model, where the proposal today is implemented

with probability (1 − δ) for each period, while the process continues with probability δ, if the

probability of continuation is taken to 1. Therefore, this can also be interpreted as a limiting

version of the condition used within Kimya (2020), where there is a probability that the negotiation

will end at the current proposed actions.14 This is formalised by the following lemma.

13See Appendix A for alternative specifications.
14Similar notions also exist in the context of Rubinstein (1982) bargaining, where Busch and Wen (1995) take a

game to be played in each rejection phase, which is implemented with probability 1− δ and continuation occurs to
a new proposal happens with probability δ, allowing for an endogenous outside option.
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Lemma 1. For z = (a1, a2, ..., at, ...) ∈ Z ′′

lim
δ→1

(1− δ)
∞∑
t=1

δt−1ui(a
t) ∈

[
lim inf
k→∞

ui(a
k), lim sup

k→∞
ui(a

k)

]

Proof: (see appendix B).

More generally, the assumed payoffs of agents are based on proposals that are sufficiently far

along the history. This is consistent with the interpretation that an outside party decides the

proposals, which must be taken from sufficiently far along the path of proposals, that will be

implemented, in a way that is known to the agents. Within finite underlying games G it can also

be interpreted as taking any weighted average of the proposals made infinitely often along the

entire path. This specification may also embed, for example, the approach of infinitely repeated

games with no discounting: i.e. using the limit of means criteria when well defined (Rubinstein,

1994; Aumann and Shapley, 1994).

By taking a view that the payoff of perpetual disagreement can take on any value from this

set it weakens the reliance on the specific method of confirmation for agreement. So long as this

confirmation is simultaneously made by all agents, the results would remain the same. To see

this, notice that any payoff in the underlying game that is proposed countably infinitely many

times can be used for the payoff of perpetual disagreement. Equally, if more than one profile of

proposals is made a countably infinite number of times, one can easily be ignored. With this, it is

possible to use a proposal to specifically avoid agreement, without it being used within the payoff

of perpetual disagreement. Therefore, a proposal could be used to avoid a consecutive repetition,

leading to confirmation, without impacting payoffs.

The structure of the negotiation game has some similarities to the structure of repeated games,

due to the structure of the partial histories and payoff of perpetual disagreement. There are a

few important changes. Firstly, repeated games only have one type of terminal history, where the

underlying game has been repeated the specified number of times, be that some finite number or

infinitely. This negotiation game allows for two distinct types of terminal histories, those with

agreement and those without. Secondly, repeated games use flow payoffs, receiving a payoff in

each period of play. This negotiation game only allows for payoffs to be realised upon termination.

Identical disparities between negotiation games and repeated games are common in the literature

(see Kalai 1981; Bhaskar 1989; Kimya 2020; Nishihara 2022, etc.).

At each round of the negotiation game, before agreements have been made, agents consider all

previous proposals, both of themselves and others, and decide on a new proposal to make. With

this, strategies map each partial history to a new proposal of what they will play in an underlying
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game. Formally, at each partial history h ∈ H the strategy of i ∈ N dictates the proposal i would

make in the next round: si : H → Ai. Let Si be the space of all such mappings. Let s : H → A

be the joint strategy, such that s(h) = (si(h))i∈N .

For a partial history h ∈ H and a joint strategy s let (s|h) denote the continuation history of h

given by s. That is, (s|h) = z ∈ Z such that z = (h, a
′,1, a

′,2, ...., a
′,k, ...) where a

′,1 = s(h), a
′,2 =

s((h, a
′,1)), a

′,k = s((h, a
′,1, a

′,2, ..., a
′,k−1)). With some abuse of notation, let Ui(s|h) = Ui(z

′)

where z′ ∈ Z ′ is defined as before and Ui(s|h) = Ui(z
′′), where (s|h) = (h, z′′) ∈ Z ′′. That is, only

take the continuation of the history h for perpetual disagreement. When z = (a1, a2, ..., ak) ∈ Z ′,
i.e. an agreement is made, let a(z) = ak and ai(z) = aki .

2.1. Solution Concept

This negotiation protocol defines a dynamic game with complete information therefore Subgame

Perfect Equilibrium (SPE) is well defined.

Definition (Subgame Perfect Equilibrium). s∗ is Subgame Perfect Equilibrium, if for all partial

histories h ∈ H, for all i ∈ N , Ui(s
∗|h) ≥ Ui(si, s∗−i|h), for all si ∈ Si.

Due to the structure of the negotiation protocol, in any SPE agents must receive a payoff

weakly higher than their inf-sup payoff in the underlying game. This is true for any history. This

is formalised by the following lemma.

Lemma 2. For any Subgame Perfect Equilibrium s∗, for any partial history h ∈ H

Ui(s
∗|h) ≥ inf

a−i∈A−i

sup
ai∈Ai

ui(ai, a−i)

As I do not require that the utility functions are continuous and actions are from a compact

set, the minimum or maximum need not exist. However, whenever the underlying game being

considered has well defined maxima and minima I will refer to them as such, rather than using

the infimum and supremum.

Note that the set of SPE of the negotiation game trivially includes many perpetual disagree-

ment outcomes. As this work is primarily focused on the agreements that can be supported by

some equilibrium, I focus on the SPE of the negotiation game that reaches an agreement from the

initial history. I will also restrict attention to SPE where proposals only involve actions that can

be part of an agreement. This rules out agents proposing actions that they would never agree to

on or off the path of play. I will refer to such property as agreements having no babbling. Similar
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concepts have been used within the literature on bargaining. For instance, no delay equilibrium

of Chatterjee et al. (1993), where the proposals can only be made, at any history, if they could

be accepted. I will refer to this concept as Negotiated Binding Agreement. Formally:

Definition 1 (Negotiated Binding Agreement). s∗ is a Negotiated Binding Agreement if:

a) s∗ is a Subgame Perfect Equilibrium of the negotiation game.

b) No babbling: ∀h ∈ H, ∃h′ ∈ H such that s∗i (h) = ai(s
∗|h′).

a∗ is supported by s∗ if a∗ = a(s∗|∅).

Note that the set of actions that may be supported by a Negotiated Binding Agreement does

not change if the no babbling condition were to be defined as only making proposals that could

be agreed to in some Negotiated Binding Agreement, rather than no babbling requiring proposed

actions must be agreed to in the Negotiated Binding Agreement being considered.

Further motivation can be found behind ensuring that the strategy to reach agreement has

no babbling, as it rules out the proposals that are payoff irrelevant both on and off the path of

play. These would be understood to be payoff irrelevant by agents due to complete information

and correct beliefs of equilibrium. To see the use for this, it may be that an SPE may induce

proposals that are not used for the purpose of agreement at any history, even in the event an

agreement is eventually reached. For instance, consider the following example.

Example 1. Let the underlying game, G, be the following:

1\2 L C R

U 2, 3 0, 1 1, 1

D 3, 2 1, 1 1, 0

The only Nash equilibrium of the underlying game is (D,L). Notice that the individual min-

max for player 1 in the underlying game is given by 1, while the individual min-max for player 2

in the underlying game is given by 2. By lemma 2, players cannot receive below their min-max

payoff in the negotiation game. Consider the payoff of perpetual disagreement to be taken to be

as defined in lemma 1.
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Now, consider the following SPE of the negotiation game.

s∗2(h) =


R if h = (a1, ..., ak), ak = (D,C) or ak = (D,L)

C if h = (a1, ..., ak), ak = (U,R)

L otherwise

s∗1(h) = U, ∀h ∈ H

On the path of play, starting from the initial history, (U,L) is proposed within the first two

periods and the negotiation game terminates. On the other hand, if the history is such that

(D,C) has been proposed in the previous period, t−1, then (U,R) is proposed in period t, (U,C)

in period t + 1, (U,L) in period t + 2 and the negotiation game terminates in period t + 3 as

(U,L) is proposed again. We can see that this strategy always leads to terminal histories that end

in (U,L). Note that there is no profitable deviation for any history, and therefore this is a SPE

of the negotiation game. Clearly player 2 cannot improve their utility, as L is the best response

to U in the baseline game, and player 1 only makes proposals of U . On the other hand, player

1 cannot profitably deviate as they cannot receive a payoff higher than 2 given the strategy of

player 2. To see this, notice that due to the strategy of 2, it is only possible for the negotiation

game to terminate in an agreement with (U,L). Now consider any strategy of 1. In order to be

profitable, it must be that player 2 plays L sufficiently often, as this (D,L) is the only outcome

that provides a higher payoff. However, by the strategy of player 2 the play cannot terminate in

(D,L), therefore the only possibility of a profitable deviation is to induce perpetual disagreement

where (D,L) is proposed frequently enough. In order for it to be perpetual disagreement, and

given the strategy of 2 it must be C and R are played at least as frequently as (D,L). Therefore

this leads to a payoff of at most 2. Therefore it cannot be that utility is improved.

However, within this negotiation game, from a history h such that s∗(h) = (U,C), it is clear

the strategy is not directly used for any agreement itself, both on and off the path, and therefore

we do not have a Negotiated Binding Agreement. H

2.2. Leading Example and Preview of Results

Here I provide a leading example to illustrate the key ideas in the paper, where the underlying

game G is a 3 player single unit First Price Auction with heterogeneous valuations. Specifically,

there are three bidders, N = {1, 2, 3}. Each bidder has a value for the good, vi. It is assumed that

v1 = 6, while v2 = 5 and v3 = 2. Each bidder may bid an integer from 0 to 7, bi ∈ {0, 1, .., 7}.15

The highest bidders wins the good with uniform probability and pay their bid. Bidders who do

15The maximal bid being 7 is not important for the analysis, we only need to ensure payoffs are bounded by
including some maximum.
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not win the good receive a utility of 0. Therefore utility is given by their probability of winning,

multiplied by their value minus their bid. Formally,

ui(b) =


vi−bi

| argminj∈{1,2,3} bj |
if i ∈ argminj∈{1,2,3} bj

0 if i /∈ argminj∈{1,2,3} bj

The Nash equilibria of this underlying game are such that either a) b∗ = (5, 5, b∗3) with b∗3 ≤ 4

leading to payoffs of (1/2, 0, 0), b) b∗ = (5, b∗2, b
∗
3) with max{b∗2, b∗3} = 4 with payoffs of (1, 0, 0)

or c) b∗ = (4, 4, b∗3) with b∗3 ≤ 3, leading to payoffs of (1, 1/2, 0). Notice those within a) make

use of weakly dominated actions. The lowest payoffs in any Nash equilibria are (1/2, 0, 0), with

b∗ = (5, 5, b∗3).

First, we will understand what cannot be supported by a Negotiated Binding Agreement.

Firstly, can it be that any bidder agrees to the maximal bid, bi = 7, in a Negotiated Binding

Agreement? If this were the case, bidder i would receive a strictly negative utility, as they would

certainly win the auction with positive probability and at a price above their valuation. However,

there could avoid such an outcome by deciding to propose their own valuation in every round

of negotiation, si(h) = vi for all h ∈ H. If they did so, regardless of whether the negotiation

game ended in agreement or perpetual disagreement, they would receive a payoff of 0. This is

because the payoff can only be pinned down by losing the auction, or by winning at their valuation,

leading to a payoff of 0. More concretely, bidding bi = 7 is individually irrational in the underlying

game, which will be formalised in the next section, as they can guarantee themselves a higher

payoff. With this, it cannot be that agreeing to bid bi = 7 is supported by a Negotiated Binding

Agreement, as such a strategy cannot be a Subgame Perfect Equilibrium of the negotiation game.

Further, by no babbling, it cannot be that proposing to bid 7 occurs in any Negotiated Binding

Agreement.

Now consider whether it is the case that bidders 2 or 3 could agree to bid 6 in a Negotiated

Binding Agreement. By the previous argument, we conclude that agreeing to bid 6 will result

in winning the good with positive probability, as we know no bidder will ever bid 7. With this,

as the valuations of bidders 2 and 3 are below 6, it must be they receive a strictly negative

payoff from such an agreement. However, we can again consider a deviation of these firms in

the negotiation game to always propose their valuation, ensuring a payoff of 0. More concretely,

bidding 6 is individually irrational for bidders 2 and 3 in the underlying game, again formalised

in the next section, as they can guarantee themselves a higher payoff, given that 7 cannot be

bid, and therefore cannot be agreed to. With this, we conclude that such an agreement cannot

be a Negotiated Binding Agreement, as it would not be a Subgame Perfect Equilibrium of the

12



negotiation game. Further, by the no babbling condition, we conclude that in no Negotiated

Binding Agreement can bidding 6 ever be proposed by bidders 2 and 3.

We can continue this induction, concluding that bidder 1 would also never bid 6 once bidders 2

and 3 will not. Bidder 3 would never bid 5, due to this bid being iteratively individually irrational

in the underlying game.

By the same argument as ruling out such bids, we conclude that any Negotiated Binding

Agreement must provide bidders 2 and 3 with a payoff of at least 0. Also notice in any Negotiated

Binding Agreement it must be that bidder 1 receives a payoff of at least 1/2. To see this, notice

that the worst possible stream of proposals for bidder 1 is that bidders 2 and 3 bid their highest

possible bid in every round of the negotiation game, 5 and 4 respectively. Given this, bidder 1

can simply respond by bidding 5 in every round of the negotiation game, guaranteeing a payoff

of 1/2.

I will now argue that any such profile b∗ with u1(b
∗) ≥ 1/2 and u2(b

∗), u3(b
∗) ≥ 0 is supported

in a Negotiated Binding Agreement. Suppose that the strategies are such that b∗i is proposed in

the first period of the negotiation game. In the second round, if all players propose b∗i in the first

round, they propose b∗i once again, leading to a binding agreement to play b∗. That is, s∗i (∅) = b∗i
and s∗i (b

∗) = b∗i . In all other cases, let each player propose their part of the worst Nash equilibrium

of the game, (5, 5, 4), for all possible periods. That is, for all histories h ∈ H such that h 6= ∅
and h 6= (b∗), let s∗1(h) = s∗2(h) = 5 and s∗3(h) = 4. To see there is no incentive to deviate in the

negotiation game, notice that any deviation at any point leads to the others playing their part

of the worst Nash equilibrium. Given that each bidders’ payoff of the negotiation game will be

defined with respect to this, the best possible deviation would lead to a payoff no higher than

their static best response to this profile. By the definition of Nash equilibrium, it cannot be that

a player can improve their payoff from any history, as either it is the first two periods where they

receive a payoff weakly higher than this or it is not, and they receive exactly this payoff by not

deviating.

In conclusion, we have that any vector of bids b∗ can be supported by a Negotiated Binding

Agreement if and only if u1(b
∗) ≥ 1

2 , u2(b
∗), u∗3(b

∗) ≥ 0. This can include all bidders receiving

the good with positive probability, but necessarily bidder 1 must receive the good with positive

probability.

With this, I move on to provide general necessary and sufficient conditions, which this example

has already pointed to.
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3 Negotiated Binding Agreement Outcomes

3.1. Necessary Conditions

Within this section, I characterise a number of necessary conditions for a Negotiated Binding

Agreement outcomes and strategies. First, I will show that any action proposed at some history

of Negotiated Binding Agreement must survive a procedure of iterated deletion of individually

irrational actions in the underlying game. This procedure works inductively as follows. If an

individual’s action, regardless of the action profile of other agents chosen, always provides a payoff

that is not individually rational, in the sense of inf-sup utility, then it is individually irrational.

In the iterated elimination we can therefore remove said actions from consideration. Now, upon

deleting such actions, we proceed inductively. If an individual’s action, regardless of the action

profile of other agents chosen within the set that has survived iterated deletion of individually

irrational actions, always provides a payoff that is not individually rational, in the sense of inf-sup

utility, where the inf is taken over the set of actions that survives iterated individual rationality,

then it does not survive iterated deletion of individually irrational actions. The formal definition

of individual irrational actions and iterated deletion of individually irrational actions are formally

defined below.

Definition 2 (Individually Irrational actions given C−i ⊆ A−i). For a game G, ai ∈ Ai is

individually irrational given C−i ⊆ A−i if

inf
a′−i∈C−i

sup
a′i∈Ai

ui(a
′
i, a
′
−i) > sup

a−i∈C−i

ui(ai, a−i)

Denote the set of actions that are individually irrational given C−i by Di(C−i).

This notion is similar to the notion of absolute dominance by Salcedo (2017), simultaneously

developed in Halpern and Pass (2018), who instead compare the best case of one action and the

worst case of another, whereas I compare based on the best case of an action compared to the

inf-sup.16 Therefore the set that survives elimination of individually irrational actions is smaller,

as if an action is obviously dominated it is also individually irrational. Note that, if in a normal

form game there is a single action that is not absolutely dominated given A−i, then this action

is an obviously dominant strategy as defined by Li (2017). Therefore if a single action is not

individually irrational it is also obviously dominant.

16The notion of absolute dominance was more recently used by Doval and Ely (2020), who extend this concept
to incomplete information.
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Definition 3 (Iterated Deletion of Individually Irrational Actions). For a game G, let Ã0
i = Ai

for all i ∈ N . Let Ã0
−i = A−i. Then for all m > 0 let Ãmi = Ãm−1i \Di(Ã

m−1
−i ) where Ãm−1−i =

×j 6=iÃm−1j .

The set of actions that survive iterated deletion of individually irrational actions, or those that

are iteratively individually rational, for i is given by IIRi =
⋂
m≥0 Ã

m
i . Let IIR = ×i∈NIIRi.

Given these definitions, we can present the first necessary condition of Negotiated Binding

Agreement, which states that any proposal must survive iterated elimination of individually irra-

tional actions in the underlying game.

Theorem 1. If s∗ is a Negotiated Binding Agreement, then for all h ∈ H, s∗i (h) ∈ IIRi.

Notice that this applies for all histories, be that on or off the path of play. Therefore any

proposal being made must have survived iterated elimination of individually irrational actions.

Notice that this is the exact process and result that was used in order to find the proposals that

could occur within the leading example, resulting in no proposal including a bid of 6 or 7 for any

bidder and bidder 3 not proposing a bid of 5.

To better understand the set of actions that survives iterated elimination of individually

irrational actions, note the following. In a large class of games, non-emptiness of the set of

actions that are iteratively individually rational is implied by the fact that the set of actions that

survive iterated elimination of never best responses to pure actions, a refinement of rationalizable

strategies as defined by Bernheim (1984); Pearce (1984), also survive iterated elimination of

individually irrational actions. This is formalised in the following definition and lemma.

Definition 4. Let ai ∈ Ai be a never best response to a pure action in C−i ⊆ A−i if, for all

a−i ∈ C−i there is some a′i ∈ Ai for which ui(a
′
i, a−i) > ui(ai, a−i). Denote the set of actions that

are never best responses to pure actions in C−i by NBRi(C−i).

Let B0
i = Ai. Let Bk

i = Bk−1
i \NBRi(Ak−1−i ). Let Bk = ×i∈NBk

i and Bk
−i = ×j 6=iBk

j . Let the

set of actions that survive iterated elimination of never best responses to pure actions be given by

IENBR =
⋂
k≥1B

k.

Lemma 3. The set of actions that survive iterated elimination of never best responses to pure

actions also survives iterated elimination of iterated deletion of individually irrational actions:

IENBR ⊆ IIR.

Note that the set of actions that survives iterated elimination of never best responses is

necessarily non-empty in finite games. Further, typically even more profiles may survive iterated
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elimination of individually irrationally actions than never best responses to pure actions. To see

this, consider the following underlying game.

Example 2. Let the underlying game, G, be the following prisoners’ dilemma.

1\2 C D

C 3,3 0,4
D 4,0 1,1

D is strictly dominant for both players, hence (D,D) is the only profile that survives survive

iterated elimination of never best responses to pure actions. Yet, in IIR, all action profiles survive.

This is as the maximum payoff for playing C given by 3. The individually rational payoff is given

by 1. Therefore, by definition, C is not individually irrational. H

Further, and importantly for the case of Negotiated Binding Agreements, the result of lemma

3 gives rise to the following corollary, that any pure Nash equilibrium of the underlying game is

contained in IIR.

Corollary 1. If aNE is a pure Nash equilibrium of G then aNE ∈ IIR.

A further useful set of action profiles, and using a similar logic to example 2, is contained

in IIR. If there is a chain of action profiles such that: for each player there is a single action

profile that prescribes their best response to the action profile prescribed to others, while the

other profiles give them a weakly higher utility, then such a set of action profiles is in IIR. Note,

joint with lemma 1, this implies all profiles that Pareto dominate a pure Nash equilibrium in the

underlying game remain in IIR. Having such a set of profiles within IIR will be further leveraged

for sufficient conditions. This is given formally in the following lemma.

Lemma 4. For any game G, if {a∗, a1, .., an} ⊆ A satisfy:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

Then {a∗, a1, .., an} ⊆ IIR.

The next result provides further necessary conditions, shows the relation to Negotiated Binding

Agreement payoffs with individual rationality considerations in the underlying game, when taken

over the set of actions that survive iterated elimination of individually irrational actions.
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Theorem 2. if s∗ is a Negotiated Binding Agreement then

Ui(s
∗|h) ≥ inf

a′−i∈IIR−i

sup
a′i∈Ai

ui(a
′
i, a
′
−i)

for all h ∈ H and i ∈ N .

I illustrate the use of this result with the same underlying prisoner’s dilemma game as in

example 2.

Example 2. revisited Again consider the underlying game, G, being the following prisoners’

dilemma game.

1\2 C D

C 3,3 0,4

D 4,0 1,1

In this case, no actions are individually irrational for any player, as previously argued. How-

ever, notice that the min-max payoff for each player is 1. The min-max is given by 1, as the

worst outcome is the other player selecting D. Therefore we conclude that no Negotiated Binding

Agreement can support the action profile (D,C) or (C,D). However, the necessary conditions do

not rule out the possibility of (C,C). H

Note that for any underlying game the inf-sup restricted to the set of actions that survives

iterated elimination of individually irrational actions is always weakly higher than the inf-sup

without this restriction.

Remark 1. For any underlying game, G, such that ui is well defined the following inequality

holds:

inf
a′−i∈IIR−i

sup
a′i∈Ai

ui(a
′
i, a
′
−i) ≥ inf

a−i∈A−i

sup
ai∈Ai

ui(ai, a−i)

Notice this inequality holds strictly within the leading example: the min-max payoff for bidder

1 is 0, via other firms setting bids of 7, however the min-max payoff when we restrict ourselves to

IIR is 1/2.

The results of this section bear resemblance to the analysis of infinitely repeated games, where

individual rationality constraints must be satisfied, as is discussed in the literature review (section

7).

Finally, before moving to the sufficient conditions for an action profile to be supported by

a Negotiated Binding Agreement, note that in two-player underlying games, where the action
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space is a compact subset of metric space and utility is continuous, the conditions of lemma 4 are

also necessary. That is, a∗ can be supported by a Negotiated Binding Agreement only if, in the

underlying game, there exists a punishment for each player, where each player is prescribed the

best response to their punishment within their punishment profile, they prefer the other players’

punishment to their own, and they prefer a∗ to their punishment. This is formalised by the

following theorem.

Theorem 3. For any underlying game, G, such that N = {1, 2}, Ai is a compact subset of a

metric space and ui is continuous for all i ∈ {1, 2}, a∗ is supported by a Negotiated Binding

Agreement, s∗, only if ∃{a1, a2} ⊆ A such that:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

The proof is similar to that of theorem 5, and therefore is omitted.

3.2. Sufficient Conditions

The first sufficient condition I provide states that if the outcome of iterated elimination of indi-

vidually irrational actions is unique for all players then that only profile can be supported by any

Negotiated Binding Agreement.

Corollary 2 (Conditions for a Unique Outcome). For any underlying game. G. such that Ai is

a compact subset of a metric space and ui is continuous for all i ∈ N , if IIR = {a∗} then there

is a unique Negotiated Binding Agreement and it is such that s∗i (h) = a∗i for all histories.

Of course, this uniqueness result requires strong conditions. Nonetheless, examples of this

result do exist. This is true in example 1, where only (D,L) survives iterated elimination of

individually irrational actions. This corollary is a joint implication of theorem 1 and theorem 4

that follows.

For the more general conditions, we require that each agent has a specific action profile in the

underlying game, which I will denote ai. This can be thought of as the punishment of deviation

used for i. For this action profile, i will best respond to ai−i in the baseline game G. The action

of the underlying game that is sustained in Negotiated Binding Agreement, which I will denote

a∗, must, for each player i, give a weakly higher payoff than ai. Further, I will require that

the punishment of other agents gives a weakly higher payoff than the punishment for i in the
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underlying game. If such a collection of action profiles exist, then a∗ can be supported by a

Negotiated Binding Agreement. Notice by lemma 4, such a set of actions will be within IIR.17

In essence, this relies on player-specific punishment strategies, that have been used for sufficiency

for SPE in infinitely repeated games (Fudenberg and Maskin, 1986; Abreu et al., 1994). The

requirements in my paper are more stringent, as the profile used to punish i must use i’s best

response to the punishment in the baseline game. This is because there is no future payoff to

compensate for abiding to the punishment, as the agreement to play such an action is binding

and the negotiation game terminates. I discuss the reasoning for this disparity further within the

literature review. I state this formally in the following theorem.

Theorem 4. Take any underlying game, G, such that ∃{a∗, a1, ..., an} ⊆ A such that:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

Then a∗ can be supported in a Negotiated Binding Agreement.

It is worth noting that any pure Nash equilibrium of the game G is indeed supported by a

Negotiated Binding Agreement. This is immediately implied by the fact any pure Nash equilibrium

of the underlying game, denoted by aNE , are in IIR via lemma 1, and can be used as the

punishment for all individuals. That is, ai = aNE for all players. Further, any action profile

that Pareto dominates a pure Nash equilibrium in the underlying game can be sustained by this

reasoning. However, in underlying games where no pure Nash equilibrium exists there may exist

a Negotiated Binding Agreement due to the above sufficient conditions.

Example 3. Consider the underlying game, G, being the following two-player game. For clarity,

I have underlined the corresponding best responses in the baseline game.

1\2 L C R

T 7,7 4,4 0,12

M 4,4 0,0 2,3

D 12,0 3,2 1,1

Notice that there is no pure Nash equilibrium in this underlying game. However, there exists

a Negotiated Binding Agreement. Specifically, applying theorem 4 take a∗ = (T, L), while taking

17These conditions can be viewed as similar to player contingent threats of Greenberg (1990), as the negotiation
game can be viewed as a special case of a social situation.
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a1 = (M,R) and a2 = (D,C), which satisfies the assumptions. Therefore there exists a Negotiated

Binding Agreement that supports (T, L), while there is no pure Nash equilibrium in the underlying

game. H

In two-player underlying games where the action space is a compact subset of a metric space

and ui is continuous for each player such conditions are both necessary and sufficient.

Corollary 3. For any underlying game G such that N = {1, 2}, Ai is compact subset of a metric

space and ui is continuous for all i ∈ {1, 2}, a∗ is supported by a Negotiated Binding Agreement,

s∗, if and only if ∃{a1, a2} ⊆ A such that:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

This is a direct implication of theorems 3 and 4.

Before moving forward, I point to the following corollary, which provides a full characterisation

when there is a Nash equilibrium for which players receive their min-max utility over the set of

actions that are IIR.

Corollary 4. If aNE is a pure Nash equilibrium of the underlying game G such that:

ui(a
NE) = min

a−i∈IIR−i

max
ai∈Ai

ui(ai, a−i)

i.e. the IIR min-max profiles are mutual, then a∗ can be supported by a Negotiated Binding

Agreement if and only if ui(a
∗) ≥ ui(aNE).

This is a direct implication of theorems 2 and 4. This provides a class of games for which the

Negotiated Binding Agreements are fully characterised by action profiles that Pareto Dominate a

Nash equilibrium in the underlying game. Specifically, if that Nash equilibrium provides agents

with their individually rational payoffs over the set of actions that survives iterated deletion of

individually irrational actions in the underlying game, then an action profile can be supported

by a Negotiated Binding Agreement if and only if said action profile Pareto Dominates this Nash

equilibrium of the underlying game.

Further justification for the general sufficient conditions can be found. For a refinement of

Negotiated Binding Agreements, where the focus is upon SPE that end in immediate agreement

following from each history, the sufficient conditions for agreement outcomes are also necessary
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for underlying games where the action space is a compact subset of a metric space and utility is

continuous. This No Delay condition applies for all possible histories, and therefore applies both

on and off the path. I refer to this solution as No Delay Negotiated Agreements and is similar to

the no delay equilibrium proposed by Chatterjee et al. (1993). Therefore, for the class of No Delay

Negotiated Binding Agreements, I fully characterise the set of outcomes that can be supported.

Here I formally define No Delay Negotiated Binding Agreement and state the formal result.

Definition 5 (No Delay Negotiated Binding Agreement). s∗ is a No Delay Negotiated Binding

Agreement supporting a∗ = a(s∗|∅) if:

a) s∗ is a Subgame Perfect Equilibrium of the negotiation game.

b) No Delay: For all partial histories h ∈ H, s∗(h) = s∗(h, s∗(h)) = a∗(s∗|h).

With this, I turn to formally stating the result.

Theorem 5. For any underlying game G such that Ai is a compact subset of a metric space and

ui is continuous for all i ∈ N , a∗ is supported by a No Delay Negotiated Binding Agreement, s∗,

if and only if ∃{a1, ..., an} ⊆ A such that:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

Finally, note that within the literature on agreements it is common to use the notion of Perfect

Equilibrium of Selten (1988), for instance in Kalai (1981) and Bhaskar (1989). This is a Subgame

Perfect Equilibrium that does not make use of weakly dominated strategies at any history. Notice

that this does not have a significant change in the results, and to ensure the sufficient conditions

for agreement outcomes remain true for this refinement, as well as the no babbling and agreement

for all histories condition, the only check is to ensure that the action aii is not weakly dominated

in the underlying game G. This, for instance, would rule out the possibility of using the worst

Nash equilibrium as a punishment in the leading example where the underlying game was a First

Price Auction. However, the another Nash equilibrium of the game, where b∗ = (5, 4, b∗3) with

b∗3 ≤ 1 would provide the same logical result, albeit changing the lower bar of utility that bidder

1 must receive.

With these results, I now turn to some applications.
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4 Applications

In this section, I explore two key applications of Negotiated Binding Agreements, within which

the necessary and sufficient conditions allow for a full characterisation of the profiles supported

by Negotiated Binding Agreements. These applications also provide the intuitions surrounding

the proofs of the results presented in the paper.

In application 1, I explore a public goods game as the underlying environment and fully char-

acterise the set action profiles that can be supported in Negotiated Binding Agreement. In this

setting, contribution of an agent can only be supported if sufficiently many other agents also

contribute. With this, full and no contribution can be supported. In application 2, I consider a

simple Cournot Duopoly with potentially heterogeneous marginal costs as the underlying game.

I fully characterise the set of actions that can be supported by Negotiated Binding Agreements

and show that when marginal costs are the same, any profile of payoffs that gives both players

positive profits is supportable. In contrast, when marginal costs are extremely different, only the

firm with the lowest marginal cost receiving their monopoly profit can be supported.

Application 1. (Public Goods Game) Consider the underlying game, G, to be the fol-

lowing Public Goods Game. N = {1, 2, ..., n}. Let Ai = {c, d} for each i. Let ui(a) =

1 + k
[∑

j∈N 1aj=c

]
− 1ai=c with k ∈

(
1
n , 1
)
.

Firstly notice that for any player it is strictly dominant to choose d and hence the only Nash

equilibrium payoff is 1.

I will now construct a strategy that allows for any action profile that Pareto dominates the

Nash equilibrium to be supported by Negotiated Binding Agreement. Specifically, let a∗ denote

an action profile such that ui(a
∗) = 1 + k|{i ∈ N : a∗i = c}| − 1a∗i=c ≥ 1. Now construct s∗ as

follows. Let s∗i (∅) = s∗i (a
∗) = a∗i . For all other partial histories let s∗i (h) = d. First, notice that

for the partial histories ∅ and (a∗) we have that s∗(h) = a∗ while a(s∗|h) = a∗. Secondly, notice

that for all other partial histories we have s∗(h) = (d)i∈N while a(s∗|h) = (d)i∈N . Concluding the

condition for a no babbling agreement is always satisfied. All that is left to show is that s∗ is a

Subgame Perfect Equilibrium of the negotiation game. Suppose not, there is some partial history

h ∈ H such that there is some other strategy si ∈ Si such that Ui(si, s
∗
−i|h) > Ui(s

∗|h). There

are two possible cases.

1. The first possibility is that h = ∅ or (a∗). Notice for a deviation to be profitable it must

be such that a(si, s
∗
−i|h) 6= a∗, as otherwise a strict inequality cannot hold. Given this, the

strategy si, s
∗
−i must induce a history h′ 6= (a∗, a∗). Therefore, it must be that all other

players choose d for all periods other than the first. There are three possibilities.
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(a) Firstly, it may be that the strategy si, s
∗
−i induces a terminal history, z ∈ Z ′, with the

agreement (d)i∈N . This induces a payoff of 1 for player i, while Ui(s
∗|∅) = ui(a

∗) ≥
1 = Ui(si, s

∗
−i|∅), therefore this cannot be profitable.

(b) It may be that the strategy induces a terminal history, z ∈ Z ′, with the agreement

((d)j 6=i, c). However, this leads to a payoff of 0 for player i, while Ui(s
∗|∅) = ui(a

∗) ≥
1 > 0 = Ui(si, s

∗
−i|∅), therefore this cannot be profitable.

(c) It may be that si, s
∗
−i induces a terminal history, z such that d is played by all other

players in all but the first period, and no agreement is made, i.e. z ∈ Z ′′. As no

agreement is made, it must be that there are no two consecutive periods where the

same action profile is played by all players it must be that si alternates between d

and c. This implies that the lim sup of utilities induces by the proposals is 1. As

Ui(s
∗|∅) = ui(a

∗) ≥ 1 = Ui(si, s
∗
−i|∅), this cannot be a profitable deviation.

2. Now suppose the history is partial and such that h 6= ∅ and h 6= a∗. No deviation leads

to the agreement (d)i∈N , with a payoff of 1. A deviation can only lead to the three cases

examined above. Given this, the logic of the previous case remains true.

In conclusion, for any a∗ such that ui(a
∗) = 1 + k|{i ∈ N : a∗i = c}| − 1a∗i=c ≥ 1 holds, we can

provide a Negotiated Binding Agreement that supports such a profile. Further to this, it provides

some intuition behind the sufficiency proof of theorem 4 which would imply this result.

To explore this further, notice that this implies that a∗ = (d)i∈N may be supported. Further

to this, a number of action profiles that maintain contribution can be supported by a Negotiated

Binding Agreement. Specifically, for some a∗ such that there exists some i such that a∗i = c, we

have that 1 + k|{i ∈ N : a∗i = c}| > k|{i ∈ N : a∗i = c}|, i.e. the number of players contributing

have a strictly lower utility that those who are not. With this, we can see that any a∗ such that

k|{i ∈ N : a∗i = c}| ≥ 1. More succinctly, when the number of contributors is above a lower

bound, |{i ∈ N : a∗i = c}| ≥ 1
k , the action profile can be supported by a Negotiated Binding

Agreement. As 1
k < n this implies that full cooperation can be sustained.

Finally, to show that this fully characterises the Negotiated Binding Agreement, suppose that

there is some equilibrium s∗ that supports some a∗ such that ui(a
∗) < 1 for some i ∈ N . For

this to be the case it must be that a(s∗|∅) = a∗. Now consider a deviation of i ∈ N such that

si(h
′) = d for all histories h′ ∈ H at h = ∅. Such a deviation ensures that in any terminal history

the payoff is pinned down by ui(d, a−i), be that if the history ends in agreement or not. If it

does not end in agreement, it is pinned down by between some ui(d, a−i) with a−i ∈ {c, d}n−1.
However, ui(d, a−i) ≥ 1 for all possible a−i ∈ {c, d}n−1. Therefore Ui(si, s

∗
−i|∅) ≥ 1 > Ui(s

∗|∅).
Therefore it cannot be that s∗ is a Subgame Perfect Equilibrium of the negotiation game and

therefore cannot be a Negotiated Binding Agreement. H
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Application 2. (Cournot Duopoly with Heterogeneous Marginal Costs) Consider a

simple Cournot Duopoly model as the underlying game, G, where q1, q2 ∈ [0, b] = Ai where inverse

demand is given by p(q1, q2) = min{b− q1 − q2, 0}. Let firms have heterogeneous costs, c1 and c2

where without loss of generality c1 ≥ c2 ≥ 0. Assume that b+c2
2 ≥ c1. Profits are given by

πi(q1, q2) = qi(p(q1, q2)− ci)

Notice that the best responses in the underlying game are given by

q∗i (q−i) =

0 if q−i ≥ b− ci
b−ci−q−i

2 if q−i < b− ci

This leads to profits of

πi(q
∗
i (q−i), q−i) =

0 if q−i ≥ b− ci(
b−ci−q−i

2

)2
if q−i < b− ci

The Nash equilibrium of this underlying game is given by quantities of
(
b+c2−2c1

3 , b+c1−2c23

)
,

leading to payoffs of

((
b+c2−2c1

3

)2
,
(
b+c1−2c2

3

)2)
.

Consider supporting (q∗1, q
∗
2) such that π1(q

∗
1, q
∗
2) ≥ 0 and π2(q

∗
1, q
∗
2) ≥ (c1−c2)2 in a Negotiated

Binding Agreement. Note given the assumption that b+c2
2 ≥ c1 it follows that ( b−c22 )2 ≥ (c1− c2)2

and therefore such a profile exists.

Consider the following strategies to do so.

1. s∗(∅) = s∗(h) = (q∗1, q
∗
2) whenever h = (q1, q2, ..., (q∗1, q

∗
2)).

2. Otherwise, let s∗(h′) = (0, q1
2
), where q1

2
= b − c1 if h′ = (q1, q2, .., (q′1, q

∗
2)) for q′1 6= q∗1,

h′ = (q1, q2, .., (q1, q
1
2
)), and s∗(h′′) = q2 = (b− 2c1 + c2, c1 − c2) for all other histories.

The intuition of this agreement is to have each firm to propose to flood the market as much as

possible whenever the other firm is not acting as expected when negotiating, while maintaining a

positive profit and understand the other agent will propose their best response in the underlying

game. Notice firm 1 can not sufficient flood the market when firm 2 has not negotiated as expected,

due to their higher marginal costs.

Such a strategy profile satisfies agreement for all histories and no babbling. Therefore all that

is left is to check that s∗ is a Subgame Perfect Equilibrium of the negotiation game. Suppose that
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(c1 − c2)2

min
q1∈IIR1

max
q2∈[0,b]

π2(q1, q2) = ( c1−c2
2 )2

(
b−c2
2

)2

(
b−c1
2

)2
min

q−i∈[0,b]
max

qi∈[0,b]
πi(qi, q−i) = 0

NE

π2

π1

Figure 1: The payoff space of the Cournot Duopoly in example 2, where costs are such that
0 ≤ c2 < c1 < c2+b

2 . The black curve represents the payoff frontier. The shaded blue area
represents that payoffs that can be sustained in Negotiated Binding Agreements.

firm 1 has a profitable deviation at any history. It cannot be that it is profitable to deviate from

h = ∅ or h = (q1, q2, ..., (q∗1, q
∗
2)) as this leads to player 2 playing b− c1 for all periods. Therefore

firm 1 can receive a utility of at most 0 via any deviation, as the static best response to b − c1
is to set a quantity of 0. The same logic holds for all other cases, as, by construction, the static

utility at every period of any other history is weakly less than 0, no matter s′i. Suppose that

firm 2 has a profitable deviation. It cannot be that a profitable deviation exists from h = ∅ or

h = (q1, q2, ..., (q∗1, q
∗
2)) as this will lead to firm 1 proposing b− 2c1 + c2 in all periods. Therefore

the highest possible utility is given by the static best response utility to such a quantity, given by

(c1 − c2)2. By construction, Ui(s
∗|∅) = Ui(s

∗|(q1, q2, ..., q∗)) ≥ (c1 − c2)2, therefore it cannot be

profitable. Further, any deviation leads to s1(h) = b− 2c1 + c2, for which the static best response

in each period would be c1 − c2, and therefore leading to a payoff no higher than (c1 − c2)
2.

Finally, note that Ui(s
∗|q1, q2, .., (q′1, q∗2)) = Ui(s

∗|q1, q2, .., (q1, q12)) = (b− c1)(c1− c2) ≥ (c1− c2)2

and therefore it cannot be that it is profitable to deviate from such a history either. Note that

by corollary 3, this fully characterises the set of payoffs and strategies that can be supported by

a Negotiated Binding Agreement, as it gives both firms 1 and 2 the lowest possible payoffs they

could best respond to, while maintaining that they prefer the punishment of the other firm to

their own.

The payoff space is represented by figure 1.

Note that the construction provides us with some natural comparative statics. If c1 = c2, then

both players may receive any payoff above 0. If c1 = b+c2
2 then we conclude that π2(q

2) =
(
b−c2
2

)2
,

their monopoly profits.18 H

18Note that if c1 >
b+c2

2
then the only outcome that can be supported by a Negotiated Binding Agreement is

q∗1 = 0, q∗2 = b−c2
2

.
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5 Coalitional Deviations

In principle, a negotiation may be susceptible to a collection of agents making binding agreements

over how they will act within the negotiation process itself. This is particularly important given

that the negotiation protocol does not endogenously lead to efficiency.19 To address the concern of

susceptibility to groups agreeing to deviate, I now extend the analysis to allow for this possibility.

To do so, I include a collection of permissible coalitions, where a coalition may jointly deviate.

The richest of all such possibilities is the power set of N , which allows any possible subset of

players to jointly deviate.

In this analysis, I will look for the most robust form of equilibrium, that prevents any permis-

sible coalition from deviating, where coalitions are permitted to agree to any deviation. This can

be seen as stronger than necessary, as we may wish for the deviations to face the same criticism

of stability, where these deviations must be the result of some agreement.20 However, if it were

possible to make a binding agreement to not make new binding agreements, agents may take

this option upon deviating. Therefore, in the context of binding agreements, if we do not wish

to make assumptions surrounding the game that is induced to negotiate over when a deviation

occurs then this approach ensures no misspecification. That is, do we allow for agents within a

coalition to have veto power? Do we allow agents to make agreements over what can be within the

agreement in the sense that they pre-commit to rule out some options? This can potentially allow

for different conclusions in the outcome of the negotiation game. Nonetheless, if all deviations

of a coalition are permitted, this includes the outcomes of processes, and therefore if we have an

equilibrium that allows for all possible deviations we certainly have an equilibrium when all such

deviations are not allowed.

I first introduce the notation of a coalition and coalition configuration. A coalition configura-

tion defines the set of coalitions that may make a binding agreement within the negotiation. I let

a coalition configuration be denoted by C, and only restrict C to be a cover of N . That is, for all

i ∈ N , there is some coalition C ∈ C such that i ∈ C. For a coalition configuration C, if C ∈ C I

19In fact, many negotiation and bargaining protocols do not lead to efficiency. For instance, the 2-player Rubin-
stein (1979) model does not in the case where there is a constant cost of time, rather than hyperbolic discounting.
Additionally, in the hyperbolic discounting case, when the outside option of this model is taken to be endogenous
a la Busch and Wen (1995), a folk theorem is obtained. Further, when there are more than two-players, additional
restrictions on the equilibrium notion are needed to regain efficiency Chatterjee et al. (1993). The work of Harstad
(2022) shows that a pledge-and-review bargaining game for contributions to a public good may also lead to ineffi-
cient outcomes. Additionally, inefficiencies are common in the contracting literature, for instance in contractable
contracts (Tennenholtz, 2004; Kalai et al., 2010; Peters and Szentes, 2012) and strategic contract setting (Jackson
and Wilkie, 2005; Yamada, 2003; Ellingsen and Paltseva, 2016), which are further discussed in the literature review.

20This would be in line with a concept of renegotiation proofness a la Farrell and Maskin (1989) and Bernheim
and Ray (1989).
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will refer to C as permissible.

Further to this, for a non-empty coalition C ∈ C, let aC = (ai)i∈C , AC = ×i∈CAi, sC = (si)i∈C

and SC = ×i∈CSi. Let a−C = (ai)i/∈C , A−C = ×i/∈CAi, s−C = (si)i/∈C and S−C = ×i/∈CSi. For

a set B ⊂ A, which may or may not have a product structure, let BC = {aC ∈ AC |∃a′−C ∈
A−C s.t. (aC , a

′
−C) ∈ B} and B−C = {a−C ∈ A−C |∃aC ∈ AC s.t. (aC , a−C) ∈ B}.

With this, I go on to define the natural extension of Subgame Perfect Equilibrium when coali-

tions are permitted to jointly deviate. This will be referred to as C-Subgame Perfect Equilibrium

and will require that strategies are such that, at no history of the negotiation game, is there a

way for any permissible coalition of players, C ∈ C, to jointly deviate and improve the utility of

all players within that coalition. In essence, this is assuming that, at any history, any permissible

coalition may write a private binding agreement that dictates the behaviour they will take going

forward. Note that the assumption that these agreements are private is important within this

setting to ensure that the strategy of those outside are not dependent on the agreement itself. If

the agreements were public, the concept would be closer to a coalitional version of Tennenholtz

(2004)’s program equilibrium. I now define C-Subgame Perfect Equilibrium formally.

Definition (C-Subgame Perfect Equilibrium). s∗ is a C-Subgame Perfect Equilibrium if, for all

partial histories h ∈ H, there does not exist a non-empty coalition C ∈ C and a joint strategy

sC ∈ ×i∈CSi, such that ui(sC , s
∗
−C |h) > Ui(s

∗|h) for all i ∈ C.

This concept generalises a number of solution concepts, which I outline here:

1. Firstly, whenever C = {{i}i∈N}, C-Subgame Perfect Equilibrium and Subgame Perfect Equi-

librium of Selten (1965) coincide. Further to this, whenever {{i}i∈N} ⊂ C, C-Subgame

Perfect Equilibrium is a refinement of Subgame Perfect Equilibrium.

2. Whenever C = 2N\{∅}, C-Subgame Perfect Equilibrium coincides with the concept of strong

perfect equilibrium of Rubinstein (1980). Whenever C = 2N\{∅} I will refer to this concept

as strong in its place. Note that any strong Subgame Perfect Equilibrium would also be a

C-Subgame Perfect Equilibrium for any C.

3. Finally, when C is a partition of N , C-Subgame Perfect Equilibrium can be seen as the

extension of coalitional equilibrium of Ray and Vohra (1997) to extensive form games.

Before defining the notion of Negotiated Binding Agreement with respect to this concept, it is

worth noting that some coalition configurations can be seen as more reasonable than others in this

case. Firstly, it seems reasonable to include all singletons within the coalition configuration, as
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allowing individuals to make unilateral deviations is in the essence of individual rationality. With

this, I will concentrate the remainder of the analysis taking {i}i∈N ⊆ C as implicit within the

discussion, although it is not necessary for the formal results. I will also pay particular attention

to the grand coalition being permitted; N ∈ C.

With this, I turn to defining C-Negotiated Binding Agreement. This simply extends the notion

of Negotiated Binding Agreement, instead of requiring a Negotiated Binding Agreement is a

Subgame Perfect Equilibrium of the negotiation game, that has no babbling, I will require instead

that it is a C-Subgame Perfect Equilibrium of the underlying, that has a form of no babbling.

Note that the use of C-Subgame Perfect Equilibria of the negotiation game when N ∈ C, gives

further justification for no babbling agreements, and indeed no delay agreements. To see this,

suppose that there was some ε > 0 cost for delay for all agents. If this were the case, then there

would be no C-Subgame Perfect Equilibrium of the negotiation game that concluded in more than

two periods. To see this, suppose that the equilibrium concludes in a and did so in more than

2 periods from the current one. This is as if this were the case, the grand coalition containing

all agents would be able to profitably deviate to a joint strategy that ends in two periods and

concludes in a. With this, I turn to formally define C-Negotiated Binding Agreement.

Definition 6 (C-Negotiated Binding Agreement). s∗ is a C-Negotiated Binding Agreement if:

1. s∗ is a C-Subgame Perfect Equilibrium of the negotiation game

2. C-no babbling: ∀h ∈ H, ∃h′ ∈ H such that s∗C(h) = aC(s∗|h′).

a∗ is supporting by s∗ if a∗ = a(s∗|∅).

When C = 2N\{∅} I refer to this as a strong Negotiated Binding Agreement.

Whenever {i}i∈N ⊂ C, C-Negotiated Binding Agreement are a subset of Negotiated Binding

Agreement and therefore necessary conditions still hold. However, we can strengthen these condi-

tions, and provide conditions that hold for a general coalition configuration C. I show that natural

extensions of the necessary and sufficient conditions used for Negotiated Binding Agreement hold

for C-Negotiated Binding Agreement.

6 C-Negotiated Binding Agreement Outcomes

6.1. Necessary Conditions

First, I will show that in any C-Negotiated Binding Agreement any action proposed in the nego-

tiation game must survive a procedure of iterated deletion of coalitionally irrational actions on
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the underlying game. This procedure works inductively as follows. Consider some joint action

of those within a coalition C ∈ C in the underlying game, aC . If, for a coalition C ∈ C there is

some function, that maps the joint action of those outside of the coalition to a joint action of the

coalition, which, even in the worst case said function can provide a higher payoff than the joint

action aC , then aC is a coalitionally irrational joint action. This generalises the notion of individ-

ual rationality.21 Notice this is exactly the notion of Aumann (1961)’s β-core. We may proceed

inductively. Remove all coalitionally irrational actions for all coalitions C ∈ C in the underlying

game. Consider some joint action of those within a coalition C ∈ C, aC , which survives iterated

elimination of coalitionally irrational actions up to some iteration k. If, for a coalition C ∈ C
there is some function, that maps the joint actions that have so far survived iterated coalitionally

irrational actions of those outside of the coalition to a joint action of the coalition, which, even in

the worst case of the joint actions outside of C that survives iterated elimination of coalitionally

irrational actions is taken, said function provides a higher payoff than the joint action aC , then

aC is a coalitionally irrational joint action at the iteration at hand. This provides a recursive

version of Aumann (1961)’s β-core, where the “punishments” themselves must be justified. This,

therefore, provides one answer to the question posed by Scarf (1971), providing a notion of the

core for normal form games that is fully justified. The formal definition of coalitionally irrational

actions and iterated elimination of coalitionally irrational joint actions is formally defined below.

Definition 7. For any underlying game G, for a coalition C, a joint action aC ∈ AC is coali-

tionally irrational with respect to B−C ⊆ A−C if, for some a′C : B−C → AC

inf
a−C∈B−C

ui(a
′
C(a−C), a−C) > sup

a−C∈B−C

ui(aC , a−C) ∀i ∈ C

Denote the set of joint actions that are coalitionally irrational with respect to B−C by DC(B−C).

Definition 8 (Iterated Elimination of Coalitionally Irrationality actions with respect to C). For

any game G, let Ã0(C) = A. For m > 0 let Ãm(C) = Ãm−1(C)\
[⋃

C∈C

[
[DC(Ãm−1(C)−C)]×A−C

]]
.

Let the set of action profiles that survive iterated elimination of coalitionally irrational actions,

or those that are iteratively coalitionally rational, with respect to C be denoted by ICIR(C) where

ICIR(C) =
⋂
m>0 Ã

m(C).

Note, unlike iterated elimination of individually irrational actions, iterated elimination of

coalitionally irrational actions may be empty, even in finite games. To see this, consider the

following example.

Example 4. Consider the following 2 player game to be the underlying game G. Let C =

{{1, 2}, {1}, {2}}.
21For underling games with compact action spaces and continuous utility they are identical when C = {{i}i∈N}.
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1\2 L C R

T 20,0 20,0 20,0

M 0,7.5 0,7.5 30,5

D 10,10 0,0 0,0

Notice that only (M,R) and (D,L) survive iterated elimination of coalitionally irrational

actions for the coalition C = {1, 2}. However, D cannot survive elimination of individually

irrational actions for player 1, as the maximum payoff of D is 10 while the min-max utility

for player 1 is 20. Therefore we conclude that within the first round of iterated elimination of

coalitionally irrational actions only (M,R) survives. However, this implies that R is individually

irrational with respect to M for player 2, as the profile (M,R) gives a payoff of 5 while the min-

max utility, when restricting attention to player 1 playing R is 7.5. Therefore ICIR(C) = ∅. H

However, it may be non-empty, even when a rich set of coalitions are permitted. Here I provide

an example that shows how to find ICIR(C). Before doing so, notice the following. If C′ ⊂ C,
then ICIR(C) ⊆ ICIR(C′). Given this, if some action profile survives ICIR(2N\{∅}) then it

survives any other C.

Example 5. Consider the following 2 player game as the underlying game, G. Let C =

{{1, 2}, {1}, {2}}.

1\2 L C R

T 2,7 2,8 0,6
M 1,4 0,8 2,3
D 1,9 0,8 20,7.5

Notice that (D,R), and (D,L) and (T,C) are the set of Pareto efficient outcomes, therefore,

as {1, 2} ∈ C, it must be all other action profiles are rules out in Ã1(C). Further, R is individually

irrational for 2 as it provides a payoff of at most 7.5, while the min-max payoff is 8. We conclude

that Ã1(C) = {(D,L), (T,C)}. Now notice that D is individually irrational for 1 with respect

to Ã1
−1, where Ã1

−1 = {L,C}, as the highest payoff that D can provide is 1 while the min-

max payoff over this set is 2. We conclude that Ã2(C) = {(T,C)}. Finally, note that neither

T or C are individually irrational given B−1 = {C} and B−2 = {T} respectively. Therefore

ICIR(C) = {(T,C)}. H

One condition that ensures non-emptiness of ICIR(C), regardless of the coalition configura-

tion, is the existence of a strong Nash equilibrium.22

22Recall a strong Nash equilibrium is an action profile aSNE such that for all C ∈ 2N\{∅} @aC ∈ AC such that
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Lemma 5. For any Strong Nash equilibrium aSNE of G, aSNE ∈ ICIR(C) regardless of C.

With this definition, a similar necessary condition to theorem 1, linking ICIR(C) of the

underlying game to the proposals made in C-Negotiated Binding Agreement of the negotiation

game, exists.

Theorem 6. For any C-Negotiated Binding Agreement, s∗, and any h ∈ H, s∗(h) ∈ ICIR(C).

Notice once again that this holds for all histories. Further to this, by the definition of ICIR(C),
whenever N ∈ C, it follows that no proposal is coalitionally irrational for the coalition N . This

implies that only proposals that are weakly Pareto optimal in the underlying game may be used.

The following corollary links the observation surrounding the potential emptiness of ICIR(C)
of the underlying game to the emptiness of C-Negotiated Binding Agreement.

Corollary 5. If ICIR(C) = ∅ then no C-Negotiated Binding Agreement can exist.

This is an immediate implication of theorem 6. Note that this is possible, i.e. in example 4,

and may imply that there is no Negotiated Binding Agreement that is robust to the concerns of

coalitions for a specific coalition structure C.

A result analogous to theorem 2 also holds. This result will state that at any history h, a

C-Negotiated Binding Agreement must give a payoff that is coalitionally rational for any coalition

C in the underlying game, with respect to [ICIR(C)]−C . A payoff is not coalitional rational,

with respect to [ICIR(C)]−C , if, for any punishment for deviation a coalition can find some joint

action aC ∈ AC such that the utility is higher for all agents. To understand the implications

of this result more fully, I define a notion of the β-core Aumann (1961), which I refer to as the

β-core with respect to ICIR(C).

Definition 9. a∗ ∈ A is in the β-core with respect to ICIR(C) if, there is no C ∈ C and

aC : [ICIR(C)]−C → AC such that infa−C∈[ICIR(C)]−C
ui(a

′
C(a−C), a−C) > ui(a

∗) for all i ∈ C.

This includes a notion of making sure the action profile at hand is jointly coalitionally rational

in the underlying game. Note the similarity to the β-core of Aumann (1961). For an action profile

to be in the β-core the payoff of this profile must be higher than the coalitional rational with

respect to A−i, in the sense that a coalition understands that they can only be punished for a

deviation with a specific profile of actions. However, the actions used to prevent deviations are

not necessarily justifiable. The β-core with respect to ICIR(C) partially resolves this problem,

ui(aC , a
SNE
−C ) > ui(a

SNE) for all i ∈ C.
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as upon deviating the actions of others are restricted to a set of actions that is consistent with

respect to itself and is defined in a similar way to the β-core restriction itself.

With this, I formalise the result connecting C-Negotiated Binding Agreement to the β-core

with respect to ICIR(C), defined over the underlying game, by the following theorem.

Theorem 7. For any C-Negotiated Binding Agreement s∗ must be such that, for any history h,

and for any coalition C ∈ C, there is no a′C : [ICIR(C)]−C → AC such that

inf
a−C∈[ICIR(C)]−C

ui(a
′
C(a−C), a−C) > Ui(s

∗|h)

for all i ∈ C.

In other words, a(s∗|h) must be in the β-core with respect to ICIR(C) for all histories.

This result can provide us with some insight into the types of agreements that may not

be sustained. For instance, it may be that an outcome is both Pareto efficient and individually

rational in the underlying game, yet it is not possible to sustain such an outcome via a C-Negotiated

Binding Agreement for {N, {i}i∈N} ⊆ C. This is illustrated by the following example.

Example 6. Let the following two-player game be the underlying game G. Consider the richest

set of coalitions C = {{1}, {2}, {1, 2}} = 2N\{∅}.

1\2 LL L R RR

TT 6,6 0,4 1,12 0,0

T 4,0 0,0 7,2 1,1

D 12,1 2,7 4,4 0,8

DD 0,0 1,1 8,0 0,0

I have labelled the weakly Pareto efficient outcomes of G in bold blue font, and therefore must

be the only actions in Ã1 = {(TT, LL), (TT,R), (T,R), (D,LL), (D,L)}. No further deletion can

take place, as the individually rational payoffs over this set are given by 2, the lowest payoff given

by a profile in this set, therefore:

ICIR(2N\{∅}) = {(TT, LL), (TT,R), (T,R), (D,LL), (D,L)}

Now notice that the outcome (TT,R) necessarily cannot be sustained in equilibrium, as it provides

a payoff of 1, while the min-max payoff, given that player 2 must choose from [ICIR(2N\{∅})]2 =

{LL,L,R}, is given by 2. Therefore we conclude that despite the fact that (TT,R) is Pareto

efficient in G, and provides a higher payoff than the min-max over all possible profiles, which
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is 1 from best responding to RR, but it cannot be sustained in a 2N\{∅}-Negotiated Binding

Agreement. H

With these results, I now turn to providing sufficient conditions for C-Negotiated Binding

Agreement.

6.2. Sufficient Conditions

Similarly to theorem 4, I provide sufficient conditions for C-Negotiated Binding Agreement that

prevents deviations from equilibrium based on the identities of the deviators, rather than the

deviation they perform. Firstly, similarly to corollary 2, if there is only a single action profile

consistent with ICIR(C) then this must be supported in equilibrium, and further to this is the

only profile that can be the outcome of C-Negotiated Binding Agreement. I state this formally

here.

Corollary 6. If G is such that ui is continuous and Ai is compact for all agents, if ICIR(C) =

{a∗}, then a∗, then s∗ is a C-Negotiated Binding Agreement if and only if s∗(h) = a∗ for all h ∈ H.

Note that this condition may occur in more environments than corollary 2 when {i}i∈N ⊂ C,
as ICIR(C) may involve more deletion in the underlying game G. However, as ICIR(C) may be

empty and leave us with no C-Negotiated Binding Agreement.

Nonetheless, a more general set of sufficient conditions apply, as with theorem 4 and will

again rely on conditions of the underlying game G. To provide these conditions, I again rely on

a structure that does not focus on the deviation that a coalition takes, but only on the deviating

coalition. These are as before: a coalition must prefer the punishment of others to their own and

a coalition must not be able to improve all members’ utility by changing their action profile in

G, holding the punishment used against them constant. Note, the inclusion of such profiles in

ICIR(C) is now required and not implied due to the rich deletion that can take place.

Theorem 8. Take any underlying game such that there is some a∗ = aN ∈ ICIR(C) and for all

C ∈ C\N ∃aC ∈ ICIR(C) such that:

1. @a′C ∈ AC such that ui(a
′
C , a

C
−C) > ui(a

C) for all i ∈ C

2. for all C ∈ C there is some i ∈ C such that ui(a
∗) ≥ ui(aC)

3. For all C,C ′ ∈ C there is some i ∈ C such that ui(a
C′) ≥ ui(aC)

Then a∗ can be supported in a C-Negotiated Binding Agreement.
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Combining this result with the result of lemma 5, which states that if a strong Nash equilibrium

of G exists it is within ICIR(C), implies that any strong Nash equilibrium of G can be supported

in a C-Negotiated Binding Agreement. However, these conditions can apply in underlying games

with no strong Nash equilibrium, and therefore are a more general set of conditions.23 To see

this, consider the following example.

Example 6. revisited Consider again the following two-player game as the underlying game,

G. All possible coalitions are permitted, C = 2N\{∅}.

1\2 LL L R RR

TT 6,6 0,4 1,12 0,0
T 4,0 0,0 7,2 1,1
D 12,1 2,7 4,4 0,8

DD 0,0 1,1 8,0 0,0

Here there is no strong Nash equilibrium of G. In fact, as there is no pure Nash equilibrium

in G, there is no pure coalition proof Nash equilibrium. However, the conditions of theorem 8

apply. From the previous analysis we know that:

ICIR(2N\{∅}) = {(TT, LL), (TT,R), (T,R), (D,LL), (D,L)}

Therefore we may take, for example, aN = a∗ = (TT, LL), a1 = (D,L) and a2 = (T,R).

Concluding that (TT, LL) can be sustained in 2N\{∅}-Negotiated Binding Agreement. H

The sufficient conditions for outcomes of C-Negotiated Binding Agreements presented in the-

orem 8 can be seen as a further refinement of the β-core of Aumann (1961), where within the

β-core any constant action profile in G of those outside of a coalition may be used in order to

prevent deviations, whereas in this paper we must satisfy additional conditions to ensure such a

profile in G can be mutually justified by all coalitions. Note that this is not necessarily true in

the notion of the β-core with respect to ICIR(C), as some profiles within ICIR(C) do not satisfy

this notion of mutual coalitional rationality.

I now turn to an application.

23Shubik (2012) examines the 78 2x2 games which can be induced by strict ordinal preferences, of these 78, 67
allow for the sufficient conditions for outcomes of a C-Negotiated Binding Agreement to be applied. Note that is
only 2 less than the existence of Nash equilibrium in pure strategies. In this sense, these sufficient conditions apply
to more scenarios than initial inspection may suggest.
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6.3. An Application of C-Negotiated Binding Agreements

As with strong Nash equilibrium, conditions for existence of a C-Negotiated Binding Agreement are

not generically satisfied. Nonetheless, there exist interesting applications for which C-Negotiated

Binding Agreements exist. Consider the following Cournot game.

Application 3. (Symmetric Cournot with Fixed Cost) Consider a simple model of Cournot

with fixed costs as the underlying game G. These fixed costs depend on the total number of firms

that enter the market. This captures a situation where the fixed cost is due to the purchase

of equipment. The cost of equipment itself is dictated by the law of supply and demand and

therefore this cost increases with the number of firms purchasing this.

I model this in the following way. Let there be n = 4 firms. Let each firm choose the quantity

that they will sell, qi ≥ 0. Let total demand, as a function of the total quantity, be given by

max{b −
∑4

j=1 qj , 0}, where b > 0. I assume that the marginal cost is constant and symmetric,

therefore it is without loss to set it to 0. Therefore gross profits for player i ∈ {1, 2, 3, 4} are given

by max{(b −
∑n

j=1 qj), 0}qi. Let fixed costs take the following form:
(

3
32b
∑

j 6=i 1qj>0

)2
1qi>0.

Notice that this does indeed increase with the number of firms entering, and the first firm to enter

the market may do so for free. Therefore utility takes the following form:

ui(q) = max


b− 4∑

j=1

qj

 , 0

 qi −

 3

32
b
∑
j 6=i

1qj>0

2

1qi>0

Notice that in this model the individual best responses are given by the following expressions

q∗i (q−i) =


{
b−

∑
j 6=i qj
2

}
if
∑

j 6=i qj < b− 3
16m

∑
j 6=i 1qj>0{

0,
b−

∑
j 6=i qj
2

}
if
∑

j 6=i qj = b− 3
16b
∑

j 6=i 1qj>0

{0} if
∑

j 6=i qj > b− 3
16b
∑

j 6=i 1qj>0

Notice that this implies the following:

1. There is a Nash equilibrium when 2 firms enters the market, and both choose quantities of

q∗i = b
3 . This leads to a payoff of 943

9216b
2 for the firm who enters and 0 for those who do not.

There are no other Nash equilibria in this game. Further, note that this is not a Strong

Nash equilibrium, as the two producing firms could split the monopoly profits equally. Such

quantities are a coalition-proof Nash equilibrium.

2. There are many Pareto efficient outcomes. For example, any outcome such that the firms

who sell, in aggregate sell the monopoly quantity,
∑4

i=1 qi = b
2 , while profits are strictly
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positive for all those who produce strictly positive quantities, are Pareto efficient. Note that

there exists such a profile for any number of firms entering. For instance, all firms producing
b
8 leads to profits of ui(q

p,all) = 55
1024b

2 > 0. Further note that, due to the fixed costs, the

Pareto efficient outcomes do not require the monopoly quantity unless all firms enter, but

all involve each firm receiving a weakly positive payoff.

3. Any Pareto efficient profile is in the α-core and the β-core.

Consider C = 2N\{∅}. Let q∗ = (q∗1, q
∗
2, q
∗
3, q
∗
4) be the quantity that is trying to be sustained.

I will argue that it is possible to sustain an efficient outcome where all agents produce in strong

Negotiated Binding Agreement. That is, an agreement such that q∗i = b
8 can be sustained.

Consider the following strategies.

1. If h = (q1, q2, ..., qk) is such that qk−1−C = s∗−C((q1, q2, ..., qk−2)) and either

(a) qkl = s∗l (q
1, q2, ..., qk−1) for all l /∈ C and qkj 6= s∗j (q

1, q2, ..., qk−1) for all j ∈ C

(b) or qk−C = 16+
√
137

64 b if |C| = 3, qk−C =
(
16+
√
137

64 b, 16+
√
137

64 b
)

if |C| = 2 and qk−C =(
16+
√
137

64 b, 16+
√
137

64 b, 0
)

if |C| = 1

Then:

• s∗i (h) = 16+
√
137

64 b for i = minj /∈C j if |C| ≤ 3 or i = 1 if |C| = 4.

• s∗i (h) = 16+
√
137

64 b for i = minj /∈C\{minj /∈C j} j if |C| ≤ 2 or i = mod (j + 2, 4), j ∈ C,

j ≥ k, k ∈ C otherwise.

• s∗i (h) = 0 for all other i ∈ N .

2. For all other histories, let s∗i (h) = b
8

The logic of this strategy is as follows. Suppose that we are at a history only one coalition has

deviated in the penultimate period of the history, while in the previous period either all players

have played the assigned strategy or only those within the deviating coalition have deviated. Note

that this may involve a smaller coalition deviating in the penultimate period, while in the next a

larger coalition deviates. If this is the case, assign two players to play a strategy that gives them

exactly the payoff in aggregate of all players entering and producing the efficient quantity, while

all other players do not produce. At least one of these players is not within the deviating coalition

if the cardinality of that coalition is 3 or less. At all other histories all agents propose their share

of the equal division of the monopoly quantity.

Now I will show that this does indeed constitute a strong Negotiated Binding Agreement.
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First consider a coalition deviating from a history that does not fall into case 2, where no

deviation leads to the agreement that all firms enter and divide the monopoly quantity. It cannot

be that the grand coalition deviates to improve the utility of all members. Therefore it must be

that deviation does not involve one firm. By the structure of case 1, which any deviation must

lead to, it is then the case that those outside the coalition are proposing, in aggregate, at least
16+
√
137

64 b in every period. As 16+
√
137

64 b > 1
8b it follows that it cannot be that all firms who deviate

are producing and improving the utility of all members. Therefore it must be that the deviation

only involves a coalition of at most two firms. It cannot be that they are both assigned to not

produce in all periods, as this implies that the profits are bounded above by 249−32
√
137

4096 b < 0 if

producing and 0 if not. This bound is the same if only one firm deviates. Therefore no profitable

deviation can exist from case 2. Now suppose that a profitable deviation exists from case 1. By

a similar logic, it cannot be that two firms deviate and improve their utility. This is because a

“punishing” firm does not wish to deviate, as they would be punished for this. A ”punished” firm

also does not wish to deviate, as the punishment is sufficiently high to ensure that they do not

wish to enter the market. Further, it cannot be that all agents jointly deviate, as there are two

punishing firms, who, in aggregate, receive the utility that is the maximum that can be achieved

for all firms entering. Therefore they have no incentive to do so.

Further to this point, notice that the punishments are such that 1 punishing firm does not

produce, leading to a profit of 0. Given for any deviating coalition such a punishment could be

used, we conclude that any Pareto efficient profile could be sustained, leading to an equivalence

to the β-core, while being fully justified via the use of C-Negotiated Binding Agreements. H

7 Literature Review

A number of papers have approached the question of binding agreements that can be made for

normal form games using an approach close to or inspired by the farsighted stable set of Harsanyi

(1974). The philosophy of the farsighted stable set is that an outcome is in the farsighted stable

set if no group of agents can change the current outcome, inducing a chain reaction of groups

who do the same, where at each possible point in the chain the group who changes the outcome

prefers the final outcome induced to the outcome they move from.24 I instead take a more non-

cooperative game theoretic approach, exploring a refinement of SPE in a fully specified negotiation

game. Within this strand of literature, Mariotti (1997) has the closest model and also considers

an explicit negotiation protocol. The extensive form of the negotiation protocol is similar, but the

payoff of perpetual disagreement is set to −∞. In this work, Mariotti (1997) takes an approach

24This was posed as a criticism of Von Neumann and Morgenstern (1994)’s vNM stable set, which only considers
a notion of a group moving to a different stable outcome for a group if it improves their utility, but does not consider
making a new proposal purely to induce a chain that eventually improves their utility.
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close to the strong Subgame Perfect Equilibrium of Rubinstein (1980), where at no history can

any coalition improve their utility by jointly deviating to a new strategy. He also imposes a

refinement on this subgame perfect type concept based on the farsighted stable set, where a

group of agents only make a new proposal at period t if it is in their benefit (given the outcome it

would induce) compared to the current proposal in period t. This is similar to this work in the sense

that (C-)Negotiated Binding Agreements takes a refinement of the (C-)Subgame Perfect Equilibria

of the negotiation game, but I do so in a way that requires no babbling. Mariotti (1997) does

not provide general conditions for his solution concept, due to the complexity that the history-

dependent negotiation entails. He instead proposes a history-independent version of his solution

concept, in line with Harsanyi (1974), where agents strategies only map from the current proposal

to the next proposal, rather than all possible previous proposals being considered. In this history

independent version, Mariotti (1997) provides some necessary conditions for agreement outcomes

based on Pareto optimality in the case of a unique outcome and individual rationality, similar to

those provided in this paper for both Negotiated Binding Agreements and C-Negotiated Binding

Agreements, while I do not need to impose history independence in the strategies for negotiation.

He also provides sufficient conditions for agreement outcomes for a class of two-player games

with conditions on the Pareto Frontier, similarly using a notion of individual punishments. My

sufficient conditions are similar in flavour but apply to a more general class of games.

Chwe (1994); Xue (1998); Ray and Vohra (2015, 2019) also consider versions of the farsighted

stable set. The closest with respect to my paper is Ray and Vohra (2019), which games with

transferable utility, and defines the notion of the maximal farsighted stable set, which addition-

ally requires a subgame perfect-like condition, imposing optimality given others’ strategies at all

histories of the negotiation. They provide general conditions linking the farsighted stable set

as defined in Ray and Vohra (2015) to this concept. I instead take an approach that looks at

general games, rather than a game with transferable utility, and instead link the concept of C-
Negotiated Binding Agreements to an alternative cooperative game theoretic Notion of the β-core

of Aumann (1959, 1961). Finding the farsighted stable set is challenging and some papers have

looked at finding the farsighted stable set for a specific underlying game. For instance, Suzuki and

Muto (2005) find the farsighted stable set for an underlying prisoner’s dilemma game, allowing all

possible groups to make new proposals at each round, concluding cooperation can be sustained.

Nakanishi (2009) looks at a version of the farsighted stable set of a prisoner’s dilemma game where

only individuals can make a new proposal, rather than groups of individuals. He again concludes

that cooperation is sustainable. My paper instead provides necessary and sufficient conditions for

agreement outcomes in a general underlying game, both in the case groups can jointly deviate

from a candidate strategy while negotiating (sections 5 and 6) and when only individuals can

(sections 2 to 4), which are based fully on a refinement of the SPE in the negotiation game, rather

than a stable-set-like concept.
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Other papers have also proposed fully non-cooperative models of negotiation over binding

agreements for normal form games, based on a dynamic game of negotiation. Kalai (1981) looks

at a fully specified model of negotiation by proposing a non-cooperative extensive form game.

In that model, agents may make proposals of what they will individually play in the underlying

game and if agents change their proposal within a period then they are no longer permitted

to change their proposal again. Kalai (1981) looks at the perfect equilibria of Selten (1988)25

and shows that only cooperation can be sustained in the 2-player prisoners’ dilemma game. More

recently, Nishihara (2022) has extended this to an n-player prisoners’ dilemma, maintaining Kalai’s

negotiation protocol. The philosophy of Kalai’s approach is similar to that of this paper, where

agents negotiate over the agreement and can do so by proposing their own action. Kalai (1981)

also relies on a refinement of SPE as a solution concept to his negotiation game. The model of my

paper does not impose that changing the proposal from the last leads to no longer being able to

change the proposal again. My approach gains a large degree of tractability and allows for general

conditions on a given underlying game for agreement outcomes of the negotiation, rather than

focusing on prisoners’ dilemma. Bhaskar (1989) examines a model of pre-play agreement over a

symmetric two-player Bertrand game. In a similar sense to this model, agents make proposals of

the prices they will take, and have the opportunity to revise their proposals sequentially. If there

is a sequence of three proposals (two for a player and one for the other) where the player who

has proposed first and last does not revise their latest proposal, then the prices are implemented.

Bhaskar (1989) looks at the perfect equilibria of such an agreement game and concludes that

only the monopoly price can be sustained. The key driving force behind the disparity of the

results my paper and in Bhaskar (1989), where in his work only a unique efficient outcome can be

sustained, is the use of perfect equilibrium rather than Subgame Perfect Equilibrium. In his case,

this rules out the possibility of using the Nash equilibrium of the underlying Bertrand game as a

threat agreement, as the Nash equilibrium is in weakly dominated strategies. The closest model

in the non-cooperative literature is that of Harstad (2022), who proposes a “pledge-and-review”

bargaining protocol for public goods games. The model takes a similar form, where agents propose

their contributions to the public good. Agents then observe these proposals and then can vote

whether to confirm these choices, or alternatively, review. If any agent elects to review, they

may pledge new contributions and continue. Harstad (2022) shows that when agents confirm by

default, and discounting is hyperbolic, a folk theorem remains for the subgame perfect equilibria

outcomes of this game. When considering typical refinements and variations of subgame perfect

equilibrium (stationary subgame perfection and local perfection / trembling hand), each agent’s

pledge must be the result of maximising some weighted Nash product. However, the weights used

by each agent may differ, and therefore many inefficient equilibria arise despite this. In my work,

I instead consider a more general class of games and consider and alternative refinement of SPE.

25These are the Subgame Perfect Equilibria that do not permit the use of weakly dominated strategies at any
history.
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Similarly, inefficiencies may arise without multilateral deviations.

A number of papers have provided a more cooperative game theoretic approach for the agree-

ments that can be made for games. The closest to this paper are a) the Strong Nash equilibria

(Aumann, 1959) of a game, where, holding the actions of all those outside of a group constant,

no group can deviate and induce an improvement for all those within the group and b) the β-core

Aumann (1959, 1961), where no group can improve the utility of all members within their group,

understanding that those outside of the group will use a coalition specific punishment in response,

which need not satisfy any credibility constraint. In my paper, C-Negotiated Binding Agreement

outcomes lie somewhere between the β-core and strong Nash equilibrium, as agents are permitted

to change their proposals when they observe a proposal of others change, but can only do so in

a way pinned down by an optimal strategy in the sense of equilibrium. Given this, my paper

can also be seen in the light of the Nash program pointed to in Nash (1953), as the necessary

and sufficient conditions C-Negotiated Binding Agreement outcomes can be seen as a perturbed

version of the β-core. This provides the result of an equilibrium of a fully specified negotiation

game while pointing to the solution having a flavour of cooperative game theory. Notable contri-

butions to this literature include Rubinstein (1982); Chatterjee et al. (1993) on bargaining over

the division of surplus.

There are a number of other related papers that take the cooperative game theoretic approach.

Chander and Tulkens (1997) define the γ-core, where upon a coalition deviating they consider

all other agents acting individually, and do not permit the remainder to form any coalitions.

My solution of C-Negotiated Binding Agreements instead takes an equilibrium approach, where

deviations are ruled out due to the response of others that would entail, which are defined in

the same way as the equilibrium itself, rather than using alternative punishments. Chander

(2007) provides further justification for the γ-core by showing it is an equilibrium to an infinitely

repeated game where agents decide whether to cooperate or not in each round. Chander and

Wooders (2020) define a notion of coalitional Subgame Perfect Equilibrium for underlying games

with transferable utility, where a coalition’s deviation payoff is with respect to the best Subgame

Perfect Equilibrium assuming all other players act without cooperation. Their solution relies on an

assumption that agents know a coalition has deviated and is shown to be related to a perturbed

version of the α-core of Aumann (1961).26 This provides a similar link to core-like solutions

for agreements over underlying games, but does so from a different perspective. Ismail (2021)

considers cooperation in extensive form games, but does so by adding new elements, such as a

coalition utility function which, defines the (common) utility all members would receive based on

the outcomes, and including it as a strategic choice to respect the coalition’s choice via a coalition

strategy game. In a similar sense, C-Negotiated Binding Agreements must require optimality of

26The α-core is defined similarly to the β-core, however in response to a deviation of a coalition can be responded
to in a way specific to the deviation itself, rather than the coalition.
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all coalitions and individuals at all points, but do not require that all members of a coalition

receive the same utility. A number of papers have also proposed notions of rationalizability

for coalitions in a cooperative sense, for instance Herings et al. (2004); Ambrus (2006, 2009);

Grandjean et al. (2017), which iterative elimination of coalitionally irrational actions can be seen

as, but are all distinct. A strand of literature abstracts from the negotiation process within a

group and takes a cooperative perspective, focusing on Pareto undominated actions that prevent

new groups from breaking and forming (Ray and Vohra, 1997; Diamantoudi and Xue, 2007). I

instead focus on the outcomes achievable via negotiation when all agents must negotiate, taking

a more non-cooperative approach.

A number of papers consider a form of communication for equilibrium selection. My paper

is related in the sense that agents can communicate via the negotiation procedure to select the

outcome of the underlying game that will be played. However, the perspective is different, as these

concepts are about refining a given set of non-binding agreements represented by the SPE or Nash

Equilibria of an underlying game, whereas my concept allows agents to make a binding agreement

of potentially any outcome. The closest in this literature is Rabin (1994). Rabin (1994) explicitly

models a negotiation over the (potentially mixed) choice of Nash equilibrium of the underlying

game.27 This is similar to the notion of Negotiated Binding Agreements, as they represent the

agreements that can occur via the specific negotiation process within my paper. However, my

paper does not require that a mix of Nash equilibria of the underlying game is selected in the

case of agreement, as binding agreements can be made. Another related concept in this strain is

Bernheim et al. (1987)’s coalition proof equilibrium, where coalitions are permitted to deviate,

but can only do so in a private non-binding way and therefore deviations must be self-enforcing a

la Nash. C-Negotiated Binding Agreements also allows coalitions to make private agreements, but

does so in a binding way, and therefore need not be self-enforcing. Similarly, Farrell and Maskin

(1989) and Bernheim and Ray (1989) develop a concept of renegotiation proof equilibrium, where

the grand coalition may deviate to a preferred SPE at a point in a repeated game. The same

disparity between my paper and theirs occurs as within coalition proof equilibrium.

Negotiated Binding Agreements is also related to another literature on binding agreements,

contract theory. Most closely related are the works of Jackson and Wilkie (2005); Yamada (2003);

Ellingsen and Paltseva (2016) who all propose model allowing agents all have a strategic input on

the structure of the contract over an underlying strategic environment, rather than allowing one

agent or a mediator to completely define the structure and then make a take-it-or-leave-it offer

on the contract. In a similar way, Negotiated Binding Agreements allows for all agents to have

a strategic input on the action they will agree to in the underlying game. On the other hand,

Kalai et al. (2010), Peters and Szentes (2012) and Tennenholtz (2004) all consider the possibility

27In the model of Rabin (1994), only a mix of Nash outcomes can be proposed in the negotiation, and therefore
only a mix of Nash outcomes can be agreed upon, inducing public correlation via negotiation.
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of all agents proposing contracts surrounding their own play in an underlying game, where these

contracts can be a function of the contracts of others. This allows agents to specify reactions to

deviations in full, and can allow for these to be fully specified at a higher level also. This strain of

literature does not consider the possibility of joint deviations, however conceptually this is similar

to C-Negotiated Binding Agreement, as this can be viewed as the agreements that result when

agreements over how to negotiate can be made.

The way payoffs are defined for perpetual disagreement can be seen as similar to the literature

of infinitely repeated games with no discounting. Notably, when well defined, the limit of means

criteria of Aumann and Shapley (1994); Rubinstein (1994) can be used. The sufficient conditions

within the paper are also similar to the sufficient conditions of player-specific punishment is

used in infinitely repeated games, i.e Fudenberg and Maskin (1986); Abreu et al. (1994). The

sufficient conditions I use are more restrictive as player-specific punishment only requires that their

punishments’ provide them an individually rational payoff and they prefer to punish rather than

be punished. In contrast, I also require that individuals are best responding to their punishment

in the underlying game. These are used as there are no further rewards from following their

punishments, which are held in the continuation of an infinitely repeated game. Therefore it must

be the case that agents cannot improve the utility they would get facing the constant punishment

of others, requiring that they best respond.

8 Conclusion

In this paper, I propose a model of negotiated binding agreements over agents’ play in an under-

lying normal form game. I study the outcomes of the underlying game that be supported using

a refinement of Subgame Perfect Equilibrium, where agents only propose actions that they could

agree to. I refer to this concept as Negotiated Binding Agreements. I show that the outcomes of

the underlying game that can be agreed upon must satisfy a condition of iterative individual ratio-

nality. Further, any outcome in the underlying game, where appropriate individual punishments

can be found, can be agreed to. These individual punishments are defined on the underlying

game, where agents must be prescribed the action that best responds to their punishment in the

baseline game. The sufficient condition for agreement outcomes is also shown to be necessary

for two-player games, leading to a full characterisation within this class. By providing conditions

for outcomes that can be agreed upon that are solely based on characteristics of the underlying

game, I reconcile the rigour of the solution of a fully specified model of negotiation with easy-to-use

conditions for agreement outcomes for the underlying game.

To display the ease of use of these conditions, I explore three key applications. In a simple First

Price Auction, I show that these conditions lead to intuitive results about what can be agreed
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upon, where a minimal bound is put on the payoff the highest valuation bidder must receive.

I show that when the underlying game is a public goods game, agents can agree to contribute

only if the aggregate level of contribution sufficiently compensates them for their contribution.

In a Cournot Duopoly, I show that when marginal costs are the same, any profile of payoffs such

that each player receives positive profits is sustainable. In contrast, when marginal costs are very

different only the firm with the lowest marginal cost receiving their monopoly profit is supported.

In all these applications, I fully characterise the Negotiated Binding Agreement outcomes.

I show how the necessary and sufficient conditions for the outcomes of the Negotiated Binding

Agreements within this negotiation game naturally generalise to the case where agents may agree

upon how to negotiate. I show these generalised conditions are linked to a perturbed version

of the cooperative game theoretic notion of the β-core of Aumann (1961), while having the full

backing of a fully specified negotiation procedure. I apply this to a Cournot model, with a fixed

cost that depends on the number of entrants. Within this setting, the outcomes coincide with the

β-core, but are fully justified by a fully specified negotiation protocol.

A number of questions remain open. Firstly, there are a number of applied theory questions

that can use the results of this paper. A number of applied theory papers have made use of coop-

erative solutions, for example in environmental agreements (Chander and Tulkens, 1997; Carraro,

1998; Carraro et al., 2006) and trade agreements (Aghion et al., 2007; Conconi and Perroni, 2002).

Due to the easy-to-use conditions, my results may also provide some interesting insights in some

applied theoretical settings, while having the backing of a fully specified negotiation protocol.

Additionally, the results of this paper may shed light on which environments should be negoti-

ated jointly, that is, when is bundling issues or games in negotiation beneficial. This is particularly

interesting from the applied theory perspective. For instance, international trade agreements in-

volve simultaneously negotiating tariffs for multiple markets and, for instance, environmental

policy. However this is not always the case and therefore understanding when it is theoretically

beneficial is an interesting line to follow.28 Further, the results of this paper may provide an un-

derstanding of when there is a benefit from unilaterally giving up some actions in the underlying

game, essentially allowing agents to “take chips off the table”. The results of this paper show

that unilaterally giving up an action can be beneficial.29 Nonetheless, understanding the removal

of which actions leads to this improvement is an open question. The well-pinned-down nature of

28Conconi and Perroni (2002) considers this question for international trade, but do so via a coalition formation
procedure, a la Ray and Vohra (1997). Such procedures are fragile to changes in the games and definitions (see, for
instance, example 1 of Gavan (2022)) and therefore it is difficult to make broad conclusions, whereas the results of
my paper may allow for a better understanding within classes of games.

29To see this, consider the two-player case. Notice that ruling out an action for player 1 in the underlying game
makes the harshest punishment for player 2 weakly better (from player 2’s perspective). However, as player 2 must
prefer punishing player 1 than being punished, this can limit the punishments that player 2 can use against player
1. With this, it may lead to an indirect improvement in the agreements that can occur for player 1.
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the results makes exploring such questions achievable and I leave these for future work.

Finally, allowing coalitions to overlap provides a direction for interesting insights. Such ar-

rangements of groups frequently occur in economic environments, such as international relations

and trade,30 but are not typically considered in the literature.31 In this work, I allow for groups to

overlap, but take the set of permissible coalitions to be exogenously set. An interesting question

is which coalitions would form when they are permitted to overlap, allowing for an endogenous

formation of coalitions. This would build on the literature of endogenous coalition formation, for

instance Ray and Vohra (1997); Diamantoudi and Xue (2007), but add the novelty of allowing

agents to be a member of multiple groups at once. Exploring overlapping coalition formation is

especially interesting when transfers are not permitted, as then it is not possible to treat those

coalitions that overlap equally as one larger coalition, by moving transfers between those agents

to align incentives.

30For instance, Australia is in The Regional Comprehensive Economic Partnership (RCEP), which can be seen
as a coalition in multinational negotiations. RCEP also includes members of the Association of Southeast Asian
Nations, which Australia is not a member of.

31As far as I am aware, all results within the literature are based on the assumption of no overlapping coalitions.
One exception to this, providing results when allowing for overlapping coalitions, is Gavan (2022), where I provide
an existence result for an equilibrium concept that allows for overlapping coalitions.
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A Appendix: Robustness

In this section, I outline how the results of this paper are robust to changes in how the negotiation

game is defined. I do so as follows. In subsection A.1. I show that necessarily proposals can only

be made from actions that survive iterated elimination of absolutely dominated actions, which

are tightly related to those that survive iterated elimination of individually irrational actions, and

the sufficient conditions for agreement outcomes hold if agents make proposals sequentially rather

than simultaneously in each period. In subsection A.2. I show that, if the payoffs of the infinite

histories are appropriately defined, both the necessary and sufficient conditions for agreement

outcomes hold if agents may make proposals of the joint action, rather than just their own, in

each period. In subsection A.3., I show that the sufficient conditions for agreement outcomes

remain to be true in a model where the payoff of the infinitely terminal histories are taken to be

worse than the payoff of any finite terminal history. An alternative specification, where, in the

case of perpetual disagreement, agents believe that the worst agreeable action is played by all

other players, while they may individually deviate, is considered in A.4.. Here both the necessary

and sufficient conditions for agreement outcomes hold.

In essence, these robustness checks show how the drivers of the results. Specifically, that

agents cannot use a non-agreement outcome as a threat of deviating, whereas timing and the

proposals used are not an important for driving the results.

A.1. Robustness to Order of Proposals

As in section 2, let G be an underlying game with bounded payoffs.

Define the negotiation game with order as follows.

Let O : N → |N | be the order in which agents make proposals within a period. Note that this

function may not be one-to-one, and therefore it may be that many agents make the proposals

at the same time. Assume that if O(i) = k > 1 then ∃j ∈ N such that O(j) = k − 1. That is,

O naturally defines an order: if I am not first, then there must be someone who proposes before

me. I also assume that O(i) = 1 for some i ∈ N to ensure the first proposer is labelled as such.

Let O−1(k) = {i ∈ N |O(i) = k}, that is, define O−1(k) is the set of agents who make the kth

proposal.

A history will be the empty set, followed by a sequence of proposals for all agents, and then

followed by the first k proposals within the last period. That is,

h = (a1, a2, ..., ak−1, (akO−1(2), a
k
O−1(1), ..., a

k
O−1(l)))

45



, with l ≤ n, i.e. there may be agents who are yet to make a proposal within the current period.

A history is terminal if, either:

a) Where the same action profile is proposed twice in consecutive periods, and all agents have

made a proposal within the last period, and no earlier occurrence of consecutive repetition

is present. That is, z = (a1, ..., ak−1, ak) is terminal if ak = ak−1 and am 6= am−1 for all

m < k. Let the set of such histories be denoted by Z̃ ′ and refer to this histories as ones

where an agreement is made.

b) an infinite sequence where the same action profile is never proposed consecutively, and all

agents have made a proposal within each period. Let the set of such histories be denoted

by Z̃ ′′. I will again refer to these as perpetual disagreement histories.

Let the set of terminal histories be given by Z̃ = Z̃ ′ ∪ Z̃ ′′. The set of all possible histories is all

terminal histories, and all finite histories where there are no consecutive proposals that are the

same action for all agents. Let the set of partial histories be denoted by H̃.

As before, whenever z = (a1, ..., ak) ∈ Z̃ ′ let Ui(z) = ui(a
k).

Whenever z ∈ Z̃ ′′ let Ui(z) ∈ [lim inft→∞ ui(a
t), lim supt→∞ ui(a

t)]. Only take these definitions

over well defined action profiles.

Let H̃i be the set of partial histories where i ∈ N is active. That is h ∈ H̃i is such that h =

(a1, a2, ..., ak−1, (akO−1(1), ..., a
k
O(i)−1)) when O(i) 6= 1 and h = (a1, a2, ..., ak−1, ak). the strategy of

i ∈ N dictates the proposal i would make at any history for which they are active: si : H̃i → Ai.

Let Si be the space off all such mappings.

For a partial history h ∈ H̃, let Ui(s|h) denote the payoff that would be received from the

terminal history that the strategy s would induce, starting from the history h ∈ H̃. I will refer

to such a history as (s|h). When z ∈ Z̃ ′, i.e. an agreement is made, let a(h) as the action profile

that terminates z.

I define Subgame Perfect Equilibrium for this model here:

Definition (Subgame Perfect Equilibrium). s∗ is Subgame Perfect Equilibrium, if for all i ∈ N ,

for all partial histories where i ∈ N is active h ∈ H̃i, Ui(s
∗|h) ≥ Ui(si, s∗−i|h), for all si ∈ Si.

This leads to the natural definition of Negotiated Binding Agreement in this setting. To make

the distinction clear, I refer to this as Negotiated Binding Agreement with order.

Definition 10 (Negotiated Binding Agreement with Order). s∗ is a Negotiated Binding Agree-

ment with order O supporting a∗ = a ∗ (s∗|∅) if:
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a) s∗ is a Subgame Perfect Equilibrium.

b) For all h ∈ H̃i ∃h′ ∈ H̃i such that si(h) = ai(s
∗|h′).

Now I show that some necessary conditions related in section 3 remains to be true for this

specification of the model. First, I will show that any action proposed at some history of Nego-

tiated Binding Agreement must survive a procedure of iterated deletion of absolutely dominated

actions, also known as interdependent choice rationalizability (Salcedo, 2017) and minmax ratio-

nalizability (Halpern and Pass, 2018).

Definition 11 (Absolute Domination given C−i ⊆ A−i). ai ∈ Ai is absolutely dominated given

C−i ⊆ A−i if ∃a′i ∈ Ai such that

inf
a−i∈C−i

ui(a
′
i, a−i) > sup

a−i∈C−i

ui(ai, a−i)

Denote the set of absolutely dominated actions given C−i by Di(C−i).

As I do not require that the utility functions are continuous and defined over a compact set,

the minimum or maximum need not exist. With this, I take the supremum and infimum, which

by the assumption that the utility function is bounded are always well defined. Bar this change,

the above definition is equivalent to that of Salcedo (2017). Note that, if in a normal form game

there is a single action that is not absolutely dominated given A−i, then this action is an obviously

dominant strategy as defined by Li (2017).

Definition 12 (Iterated Elimination of Absolutely Dominated Actions). Let Ã0
i = Ai for all

i ∈ N . Let Ã0
−i = A−i. Then for all m > 0 let Ãmi = Ãm−1i \Di(Ã

m−1
−i ) where Ãm−1−i = ×j 6=iÃm−1j .

The set of actions that survives Iterated Elimination of Absolutely Dominated Actions (IAD)

for i is given by IADi =
⋂
m≥0 Ã

m
i . Let IAD = ×i∈NIADi.

Note that if at each level of iteration, if the min-max and max-min payoff are the same, then

IAD coincides with IIR. Note that typically, the concept of iterated elimination of individu-

ally irrational actions and iterated elimination of absolutely dominated actions are different, for

instance consider the following example.

Example 7. Consider the following underlying two-player game.

1\2 L R

U 1, 2 −1, 0.5
M −1, 1 1, 0.5
D −0.7, 3 −0.7, 3
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Here, in iterated elimination of absolutely dominated actions, all profiles survive. However,

if we consider iterated elimination of individually irrational actions, we may remove D, as the

min-max payoff for player 1 is 1. Given this, we may also eliminate R for player 2, as her min-max

payoff is 0.5. Finally, we remove M , therefore we conclude that iterated elimination of individually

rational actions leads to the unique prediction of U,L, while iterated elimination of absolutely

dominated actions allows for any action profile. H

These definitions lead to the following proposition.

Proposition 1. For any order O, if s∗ is a Negotiated Binding Agreement with order then, for

all histories for i is active h ∈ H̃i, si(h) ∈ IADi.

I reserve this proof, and all other proofs within this section, for the appendix C.

Further to this, the following proposition shows that the sufficient conditions for agreement

outcomes are relevant within this specification of the model. Indeed, further to this, any outcome

that can be sustained with a Negotiated Binding Agreement can be sustained within a model of

negotiation with order, no matter the order. This is highlighted by the following proposition.

Proposition 2. Take any order O. a∗ is supported in a Negotiated Binding Agreement then it is

supported in Negotiated Binding Agreement with order O.

In essence, this shows that the order of proposals is not important, nor is important that

the proposals are made simultaneously. Rather, the structure of the terminal histories, and the

associated payoffs, as well as the ability for all agents to make some proposal, are the key features

of the model. Within the next subsection, I go on to show that when the payoffs of infinite

histories are correctly specified, the robustness of these results also holds when agents propose

the action profile, rather than only their action. This further highlights this point.

A.2. Robustness to Joint Proposals

As in section 2, let G be a underlying game with bounded payoffs.

Define the negotiation game with all proposals.

A history will be the empty set, followed by a sequence of proposals for all agents, where each

agent may propose a joint action profile. That is,

h = ((a1,1, a2,1, ..., an,1), (a1,2, a2,2, ..., an,2), ..., (a1,k, a2,k, ..., an,k))

, where ai,t ∈ A. With some abuse of notation, let at = (a1,t, a2,t, ..., an,t).
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A history is terminal if, either:

a) Where the same action profile is proposed twice in consecutive periods by all agents and

no earlier occurrence of consecutive repetition is present. That is, h = (a1, ..., ak−1, ak) is

terminal if ak = ak−1, ai,k = aj,k for all i, j ∈ N , and either am 6= am−1 for all m < k or

ai,m 6= aj,m for some i, j ∈ N . Let the set of such histories be denoted by ˜̃Z ′ and refer to

this histories as ones where an agreement is made.

b) an infinite sequence where the same action profile for all agents is never proposed con-

secutively. Let the set of such histories be denoted by ˜̃Z ′′. Refer to these as perpetual

disagreement histories.

Let the set of terminal histories be given by ˜̃Z = ˜̃Z ′ ∪ ˜̃Z ′′. The set of all possible histories is all

terminal histories, and all finite histories where there are no consecutive proposals that are the

same action for all agents. Let the set of all histories, terminal and partial, be given by ˜̃H.

Whenever z = (a1, ..., ak, ...) ∈ ˜̃Z ′, let h̃ = ((ai,1i )i∈N , (a
i,2
i )i∈N , ...., (a

i,k
i )i∈N , ...), i.e., take

the proposals that each agent makes for themselves. Let this sequence be denoted by z̃ =

(ã1, ã2, ..., ãk, ...) Let bound of the lim inft→∞ ui(ã
t) and an upper bound of the lim supt→∞ ui(ã

t).

This implies that if no agreement is made, then only your own proposals matter, you cannot im-

pact what others do in this case.

the strategy of i ∈ N dictates the proposal i would make when they are active: si : ˜̃H → A.

Let Si be the space off all such mappings.

With some abuse of notation, for a partial history h ∈ ˜̃H, let Ui(s|h) denote the payoff that

would be received from the terminal history that the strategy s would induce, starting from the

history h ∈ ˜̃H. I will again refer to such a history as (s|h). As before, when z ∈ Z ′, i.e. an

agreement is made, let a(h) as the action profile that terminates z.

Definition (Subgame Perfect Equilibrium). s∗ is Subgame Perfect Equilibrium, if for all i ∈ N ,

for all partial histories h ∈ ˜̃H, for all i ∈ N , Ui(s
∗|h) ≥ Ui(si, s∗−i|h), for all si ∈ Si.

This leads to the definition of Negotiated Binding Agreement in this setting. To make the

distinction clear, I refer to this as Negotiated Binding Agreement with all proposals.

Definition 13 (Negotiated Binding Agreement with all Proposals). s∗ is a Negotiated Binding

Agreement with all proposals supporting a∗ = a(s|∅) if:

a) s∗ is a Subgame Perfect Equilibrium.
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b) ∀h ∈ ˜̃H ∃h′ ∈ ˜̃H such that si(h) = a(s∗|h).

As before, the following proposition shows that the necessary conditions previously shown for

Negotiated Binding Agreement hold for this specification of the model.

Proposition 3. If s∗ is a Negotiated Binding Agreement with all proposals, for all histories

h ∈ ˜̃H, si(h) ∈ IIRi.

Further, for any negotiated with order s∗ be be such that, for any history h ∈ ˜̃H, Ui(s
∗|h) ≥ ui

where

ui = inf
a−i∈IIR−i

sup
ai∈Ai

ui(ai, a−i)

.

Further to this, the sufficient conditions for agreement outcomes also hold. This is captured

by the following proposition, which shows us that any Negotiated Binding Agreement can be

replicated by a Negotiated Binding Agreement with all proposals.

Proposition 4. a∗ is supported by a Negotiated Binding Agreement with all proposals if a∗ is

supported by a Negotiated Binding Agreement.

This again highlights the important features and drivers of the results of the model. In essence,

it is the ability for agents to make a meaningful impact on their payoff via their proposals, while

ensuring they do not force other agents to take some action. This is highlighted by the idea that

the payoffs of infinite terminal histories, i.e. when there is no agreement, take the actions for

individuals that they propose for themselves.

A.3. Robustness to Outside Options

Within this subsection, I take the model to be exactly as in section 2. That is, agents simultane-

ously propose the action that they will take. The only caveat is that whenever a terminal history

is infinite they receive a payoff that is worse that the payoff within the underlying game. That is,

when z ∈ Z ′′ let Ui(z) = infa∈A ui(a). Negotiated Binding Agreement can be defined as before.

To distinguish between these cases I will refer to Negotiated Binding Agreement for the model in

this subsection as constant outside option Negotiated Binding Agreement. In this setting, it is no

longer true that the necessary conditions for agreement outcomes remain to be true. However,

the sufficient conditions for agreement outcomes remain to be valid. This is highlighted by the

following proposition.

Proposition 5. If s∗ is a Negotiated Binding Agreement then s∗ is a constant outside option

Negotiated Binding Agreement.
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As Negotiated Binding Agreement do need not to make use of the infinitely long terminal

histories as part of equilibrium, this result shows us that they are important only for restricting

deviations. That is, if we were to make such an option worse for each player, they have less

incentive to deviate than before. Therefore Negotiated Binding Agreement captures a set of

strategies and outcomes that work regardless of whether the outside option is specified as within

this paper or normalised to be worse than any outcome as typically assumed in bargaining games.

A.4. Robustness to Worst Agreement of Others for Perpetual Disagreement

In this section I discuss how the results are robust to an alternative specification of the payoffs of

perpetual disagreement. Here, it will be assumed that agents believe that the actions of others

will be pinned down by the worst outcome of agreement for all other agents, while they will be

permitted to unilaterally deviate. Formally, this will be described as follows.

Let the underlying game being negotiated over beG = 〈N, (ui, Ai)i∈N 〉 whereN = {1, 2, 3, ..., n}
is a finite set of players, Ai is a set of actions for each player, with a joint action A = ×i∈NAi. ui
is utility function such that ui : A→ R and ui is bounded for all i ∈ N . Let A−i = ×j 6=iAj .

The set of partial histories consists of all h = (a1, a2, ..., ak) where at = (ati)i∈N denotes the

profile of proposals made in period t. I will denote the set of all partial histories by H. Proposals

are assumed to be made simultaneously within a period, and therefore no history is such that

only some agents have made proposals.

A history is terminal if, either:

a) Where the same action profile is proposed twice in consecutive periods, and no earlier

occurrence of consecutive repetition is present. That is, z = (a1, ..., ak−1, ak) is terminal if

ak = ak−1 and am 6= am−1 for all m < k. Let the set of such histories be denoted by Z ′ and

refer to this histories as ones where an agreement is made.

b) an infinite sequence where the same action profile is never proposed consecutively. Let the

set of such histories be denoted by Z ′′. I will refer to these as histories with perpetual

disagreement.

Let the set of terminal histories be given by Z = Z ′ ∪ Z ′′. The set of all possible histories is all

terminal histories, and all finite histories where there are no consecutive proposals that are the

same action for all agents.

Let Ui denote the payoff for player i ∈ N of the negotiation game.
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Whenever z = (a1, ..., ak) ∈ Z ′, that is a history that ends in agreement let Ui(z) = ui(a
k) for

all i ∈ N .

Let si : H → Ai be the strategy for each player. Notice that from any history h ∈ H an agent

can choose a strategy such that the continuation lies in Z ′′, regardless of the strategies of others.

Let Aagree be the set of agreements outcomes that can be supported in equilibrium. Let this

set be constructed in the following way:

1. ∃s∗ be a strategy profile such that:

(a) s∗(∅) = s∗(a) = a ∈ Aagree.

(b) For any h ∈ H, @s′i ∈ Si such that the continuation of (s′i, s
∗
−i|h) ∈ Z ′ and Ui(s

′
i, s
∗
−i|h) >

Ui(s
∗|h).

2. ∀i ∈ N ∀a ∈ Aagree ∃a′−i ∈ A
agree
−i such that supa′i∈Ai

ui(a
′
i, a
′
−i) ≤ ui(a).

1. ensures that agents can not reach a better agreement within the negotiation it self. 2.

ensures that it is not the case that an agent can cause perpetual disagreement, and in doing so

can induce others playing any of the actions that can be agreed upon, while ensuring that the

deviating agent can increase their utility.

Here both the necessary and sufficient conditions for agreement outcomes presented in the

main paper still hold, as demonstrated by the following two propositions.

Proposition 6. For all a ∈ Aagree, a ∈ IIR.

Further, if a∗ ∈ Aagree, then ui(a
∗) ≥ infa−i∈IIR−i supai∈Ai

ui(ai, a−i)

Proposition 7. If {a∗, a1, .., an} ⊆ A satisfy:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

Then {a∗, a1, .., an} ⊆ Aagree.

Notice that proposition 7 follows by definition of the agreement set and the fact that, by

lemma 4, these actions are in IIR, and therefore I forgo the proof.
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B Appendix: Proofs from Main Text

Lemma. 1 For z = (a1, a2, ..., at, ...) ∈ Z ′′

lim
δ→1

(1− δ)
∞∑
t=1

δt−1ui(a
t) ∈

[
lim inf
k→∞

ui(a
k), lim sup

k→∞
ui(a

k)

]

Proof. Notice that

lim inf
k→∞

ui(a
k) = (1− δ)

∞∑
t=1

δt−1 lim inf
k→∞

ui(a
k)

Therefore by continuity of subtraction we have that

lim
δ→1

(1− δ)
∞∑
t=1

δt−1ui(a
t)− lim inf

k→∞
ui(a

k) = lim
δ→1

(1− δ)
∞∑
t=1

δt−1
(
ui(a

t)− lim inf
k→∞

ui(a
k)

)

Note by definition of the lim inf, for all ε > 0 ∃T ∈ N such that ∀t > T we have that

ui(a
t)− lim infk→∞ ui(a

k) > −ε. Therefore, for any such T , we may decompose the expression as

follows.

lim
δ→1

(1− δ)
∞∑
t=1

δt−1
(
ui(a

t)− lim inf
k→∞

ui(a
k)

)
= lim

δ→1
(1− δ)

T∑
t=1

δt−1
(
ui(a

t)− lim inf
k→∞

ui(a
k)

)
+ · · ·

· · ·+ lim
δ→1

(1− δ)
∞∑

t=T+1

δt−1
(
ui(a

t)− lim inf
k→∞

ui(a
k)

)

= lim
δ→1

(1− δ)
∞∑

t=T+1

δt−1
(
ui(a

t)− lim inf
k→∞

ui(a
k)

)

> lim
δ→1

(1− δ)
∞∑

t=T+1

δt−1(−ε)

= lim
δ→1
−δT+1ε

= −ε

Therefore we may conclude that limδ→1(1−δ)
∑∞

t=1 δ
t−1 (ui(at)− lim infk→∞ ui(a

k)
)
> −ε ∀ε > 0,

concluding that limδ→1(1− δ)
∑∞

t=1 δ
t−1 (ui(at)− lim infk→∞ ui(a

k)
)
≥ 0 and therefore

lim
δ→1

(1− δ)
∞∑
t=1

δt−1ui(a
t) ≥ lim inf

k→∞
ui(a

k)
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The analogous proof works for showing limδ→1(1−δ)
∑∞

t=1 δ
t−1ui(a

t) ≤ lim supk→∞ ui(a
k).

Lemma. 2 For any Subgame Perfect Equilibrium of the negotiation game s∗, for any partial

history h ∈ H
Ui(s

∗|h) ≥ inf
a−i∈A−i

sup
ai∈Ai

ui(ai, a−i)

Proof. Suppose not, Ui(s
∗|h) < infa−i∈A−i supai∈Ai

ui(ai, a−i). For any ε > 0, let ãi : A−i → Ai

be such that ui(ãi(a−i), a−i) > supai∈Ai
ui(ai, a−i) − ε. Note such a function exists for any

ε > 0. Let s′i(h) = (ãi(s
∗
−i(h

′)), s∗−i(h
′)) for all h′ ∈ H. It follows that Ui(s

′
i, s
∗
−i|h) is either such

that it ends in agreement, in which case Ui(s
′
i, s
∗
−i|h) > infa−i∈A−i supai∈Ai

ui(ai, a−i) − ε and

therefore, as we can construct such a function for any ε > 0, we conclude that Ui(s
′
i, s
∗
−i|h) ≥

infa−i∈A−i supai∈Ai
ui(ai, a−i). On the other hand, it may be that Ui(s

′
i, s
∗
−i|h) ends in perpetual

disagreement. In which case (s′i, s
∗
−i|h) = (a1, a2, ..., aT , ...), where ati = ãi(a

t
−i). Therefore

Ui(s
′
i, s
∗
−i|h) ≥ lim inf

t→∞
ui(ãi(a

t
−i), a

t
−i) ≥ inf

a−i∈A−i

ui(ãi(a−i), a−i) > inf
a−i∈A−i

sup
ai∈A−i

ui(ai, a−i)− ε

and therefore Ui(s
′
i, s
∗
−i|h) ≥ infa−i∈A−i supai∈A−i

ui(ai, a−i). A contradiction as there exists a

profitable deviation.

Theorem. 1 If s∗ is a Negotiated Binding Agreement, then for all h ∈ H, s∗i (h) ∈ IIRi.

Proof. Suppose not, for some history h′ ∈ H we have that si(h
′) = ai. By no babbling it follows

that there exists some h ∈ H such that ai(s|h) = ai. Therefore it must be that Ui(s|h) =

ui(a(s|h)) ≤ supa′−i∈A−i
ui(ai, a

′
−i). Take ε = infa′−i∈A−i

supa′i∈Ai
ui(a

′
i, a
′
−i) − ui(a(s|h)) > 0.

Take a function ãi : A−i → Ai such that ui(ãi(a−i), a−i) > supa′i∈Ai
ui(a

′
i, a−i) − ε. Consider a

deviation s′i(h
′′) = ãi(s−i(h

′′)) for all h′′ ∈ H. It follows that

Ui(s
′
i, s−i|h) ≥ inf

a−i∈A−i

ui(ãi(a−i), a−i) > inf
a−i∈A−i

sup
a′i∈Ai

ui(a
′
i, a−i)− ε

. Therefore it follows that Ui(s
′
i, s−i|h) > ui(a(s|h)) = Ui(s|h), concluding that a profitable devi-

ation exists and therefore it cannot be that s is a Subgame Perfect Equilibrium of the negotiation

game. By no babbling, we conclude that si(h) /∈ Di(A−i) for any h ∈ H.

Now suppose by contradiction that, for all j ∈ N sj(h
′) ∈ Ãkj ∀k < m and h′ ∈ H but for

some i ∈ N sj(h
′) = ai /∈ Ãm+1

j for some h′ ∈ H. By no babbling it must be that a) s−i(h
′) ∈ Ãmi

for all h′ and b) by no babbling there is some h ∈ H for which ai(s|h) = ai. Therefore it must

be that Ui(s|h) = ui(a(s|h)) ≤ supa′−i∈Ãm
−i
ui(ai, a

′
−i). Take ε = infa′−i∈Ãm

−i
supa′i∈Ai

ui(a
′
i, a
′
−i) −

ui(a(s|h)) > 0. Take a function ãi : Ãm−i → Ai such that ui(ãi(a−i), a−i) > supa′i∈Ai
ui(a

′
i, a−i)− ε
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for all a−i ∈ Ãm−i. Consider a deviation s′i(h
′′) = ãi(s−i(h

′′)) for all h′′ ∈ H. It follows that

Ui(s
′
i, s−i|h) ≥ inf

a−i∈Ãm
−i

ui(ãi(a−i), a−i) > inf
a−i∈Ãm

−i

sup
a′i∈Ai

ui(a
′
i, a−i)− ε

. Therefore it follows that Ui(s
′
i, s−i|h) > ui(a(s|h)) = Ui(s|h), concluding that a profitable

deviation exists and therefore it cannot be that s is a Subgame Perfect Equilibrium of the nego-

tiation game. By no babbling, we conclude that si(h) /∈ Di(Ã
m
−i) for any h ∈ H and therefore

si(h) ∈ Ãk+1
i , a contradiction.

Lemma. 3 The set of actions that survive iterated elimination of never best responses to pure

actions it also survives iterated elimination of iterated deletion of individually irrational actions:

IENBR ⊆ IIR.

Proof. Note that B0 = Ã0. Now we will show that Bk ⊆ Ãk for all k ≥ 0. By the induc-

tive hypothesis suppose that Bm ⊆ Ãm for all m < k. Now notice that for any ai ∈ Bk
i we

have that there is some a−i ∈ Bk−1
−i ⊆ Ãk−1−i such ui(ai, a−i) ≥ ui(a

′
i, a−i) for all a′i ∈ Ai. It

follows that ui(ai, a−i) ≥ infa′−i∈B
k−1
−i

supa′i∈Ai
ui(a

′
i, a
′
−i) ≥ infa′−i∈Ã

k−1
−i

supa′i∈Ai
ui(a

′
i, a
′
−i). Fur-

ther, ui(ai, a−i) ≤ supa′′−i∈Bk
−i
ui(ai, a

′′
−i) ≤ supa′′−i∈Ãk

−i
ui(ai, a

′′
−i). Therefore we conclude that if

ai ∈ Bk
i then ai ∈ Ãki . concluding the proof.

Lemma. 4 If {a∗, a1, .., an} ⊆ A satisfy:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

Then {a∗, a1, .., an} ⊆ IIR.

Proof. We proceed inductively. By definition, {a∗, a1, .., an} ⊆ A = Ã0.

Now suppose that {a∗, a1, .., an} ⊆ Ãk for all k ≤ m for m ≥ 0. Note that

aii ∈ argmax
ai∈Ai

ui(ai, a
i
−i) = arg sup

ai∈Ai

ui(ai, a
i
−i)

and therefore

ui(ai, a−i) ≥ inf
a−i∈Ãm

−i

sup
ai∈Ai

ui(ai, a−i)
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. Therefore by definition

ui(a
j) ≥ inf

a−i∈Ãm
−i

sup
ai∈Ai

ui(ai, a−i)

and ui(a
∗) ≥ infa−i∈Ãm

−i
supai∈Ai

ui(ai, a−i). Further, we have that supa−i∈Ãm
−i
ui(a

i
i, a−i) ≥ ui(ai),

supa−i∈Ãm
−i
ui(a

i
j , a−i) ≥ ui(a

j) and supa−i∈Ãm
−i
ui(ai∗, a−i) ≥ ui(a

∗). Therefore we may conclude

that aii, a
j
i , a
∗
i ∈ Ã

m+1
i .

Theorem. 2 if s∗ is a Negotiated Binding Agreement then Ui(s
∗|h) ≥ infa′−i∈IIR−i

supa′i∈Ai
ui(a

′
i, a
′
−i)

for all h ∈ H and i ∈ N .

Proof. Suppose not, then there is some i ∈ N and h ∈ H such that that

inf
a′−i∈IIR−i

sup
a′i∈Ai

ui(a
′
i, a
′
−i) > Ui(s

∗|h)

. It must be that a) s∗ is a Subgame Perfect Equilibrium of the negotiation game and b) by

theorem 1 it must be that s∗−i(h) ∈ IIR−i for all h ∈ H. Let ε = infa′−i∈IIR−i
supa′i∈Ai

ui(a
′
i, a
′
−i)−

Ui(s
∗|h) > 0. Construct ãi : IIR−i → Ai such that ui(ãi(a−i), a−i) ≥ supai∈Ai

ui(ai, a−i)− ε
2 for

all a−i ∈ IIR−i. Consider a deviation to s′i(h
′) such that s′i(h

′) = ã(s∗−i(h
′)) for all h′ ∈ H at the

history h. It follows that

Ui(s
′
i, s
∗
−i|h) ≥ inf

a−i∈IIR−i

ui(ãi(a−i), a−i)

= inf
a−i∈IIR−i

sup
ai∈Ai

ui(ai, a−i)−
ε

2

=
infa−i∈IIR−i supai∈Ai

ui(ai, a−i) + Ui(s
∗|h)

2

> Ui(s
∗|h)

A contradiction, as therefore s∗ is not a Subgame Perfect Equilibrium of the negotiation game

and therefore not a Negotiated Binding Agreement.

Theorem. 4 Take any underlying game such that ∃{a∗, a1, ..., an} ⊆ A such that:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i) = argmaxai∈Ai

ui(ai, a
i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

Then a∗ can be supported in a Negotiated Binding Agreement.
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Proof. Note within this proof I maintain the notation ak to refer to the kth period proposal in a

history h, while I use aj to denote the action profile used in equilibrium as a punishment for j.

Let s∗ be as follows:

1. if h = (a1, ..., ak) is such that there is some j ∈ N , such that ak−1−j = s∗−j((a
1, ..., ak−2)) and

either

(a) akl = s∗l (h\ak−1) ∀l 6= j while akj 6= s∗j (h\ak−1)

(b) or ak−j = aj−j

then s∗i (h) = aji .

2. s∗i (h) = a∗i otherwise

First note that from any history the continuation is terminal within two periods and therefore no

babbling is satisfied.

Now to show that s∗ is a Subgame Perfect Equilibrium of the negotiation game. Suppose that

a profitable deviation exists at a history h ∈ H for i ∈ N . If the deviation does not include some

different proposal within two periods of h it cannot be profitable, as the outcome remains the

same. Therefore any deviation must occur within two periods. Any such deviation, denoted by

s′i, if it does not lead to the same terminal history and therefore cannot be profitable, of i ∈ N
must lead to ai−i for all periods following. Let the terminal history following the deviation be

denoted by (s∗−i, s
′
i|h) = (h, ak, ak+1, ...., at, ...). When (s∗−i, s

′
i|h) ∈ Z ′ let

(s∗−i, s
′
i|h) = (h, a

′,1, a
′,2, ..., a((s∗−i, s

′
i|h)), a((s∗−i, s

′
i|h)), a((s∗−i, s

′
i|h)), ...)

, i.e let the agreement that (s∗−i, s
′
i|h) concludes in be infinitely repeated at the end of the sequence,

with some abuse of notation. However, by construction, it must be that lim supt→∞ u(at) ≤ ui(ai)
and therefore it must be at least weakly worse than any terminal history of the strategy s∗.

Therefore no profitable deviation exists.

Theorem. 5 For any underlying game G such that Ai is a compact subset of a metric space and

ui is continuous for all i ∈ N , a∗ is supported by a no delay Negotiated Binding Agreement, s∗, if

and only if ∃{a1, ..., an} ⊆ A such that:

1. aii ∈ argmaxai∈Ai
ui(ai, a

i
−i)

2. ui(a
∗) ≥ ui(ai)

3. ui(a
j) ≥ ui(ai) for all i, j ∈ N

57



Proof. By the construction of theorem 4 such a∗ can be supported.

To see that only such a∗ can be sustained, take any a∗ such that it is supported by a no delay

Negotiated Binding Agreement given by the SPE s∗. Denote Ã = {a ∈ A|∃h ∈ H s.t. s∗(h) = a}.
Note by strict no babbling these completely define the set of actions that can be agreed upon. Fur-

ther to this, not that s∗−i(h) ∈ Ã−i for all h ∈ H by strict no delay. As s∗ is an SPE it must be that

there is no profitable deviation. Notice that Ui(s
∗|h) ≥ maxai∈Ai infa−i∈Ã−i

ui(ai, a−i). Suppose

not Ui(s
∗|h) < maxai∈Ai infa−i∈Ã−i

ui(ai, a−i). It follows that maxai∈Ai infa−i∈Ã−i
ui(ai, a−i) −

Ui(s
∗|h) > 0. Consider a deviation to s′i such that s′i(h

′) = s∗i (h
′) for all h′ such that h = (h′, h′′)

while s′i(h
′) is such that ui((s

′
i, s
∗
−i)(h

′)) = maxai∈Ai ui(ai, s
∗
−i(h

′)) for all other histories. Suppose

such a deviation leads to perpetual disagreement. Denote the sequence induced by such a strategy

by z′ = (a1, a2, ...., at, ...). Notice that ui(a
t
i, a

t
−i) = maxai∈Ai ui(ai, a

t
−i). Note that therefore

ui(a
t
i, a

t
−i) ≥ max

ai∈Ai

inf
a−i∈{a′−i∈A−i|a′−i=a

k
−i}

ui(ai, a−i)

By definition,

Ui(si, s
∗
−i|h) ≥ lim inf

t→∞
ui(a

t)

≥ lim inf
t→∞

max
ai∈Ai

inf
a−i∈{a′−i∈A−i|a′−i=a

k
−i}

ui(ai, a−i)

= max
ai∈Ai

inf
a−i∈{a′−i∈A−i|a′−i=a

k
−i}

ui(ai, a−i)

≥ max
ai∈Ai

inf
a−i∈Ã−i

ui(ai, a−i)

⇒ Ui(si, s
∗
−i|h) > Ui(s

∗|h)

therefore it cannot be that s∗ is an SPE if the deviation ends in perpetual disagreement. The

argument for agreement is direct from the definition.

Therefore it must be that Ui(s
∗|h) ≥ maxai∈Ai infa−i∈Ã−i

ui(ai, a−i). As Ã are agreed upon,

it must therefore be that ∀ã ∈ Ã we have that ui(ã) ≥ maxai∈Ai infa−i∈Ã−i
ui(ai, a−i). There-

fore there must be some a′−i ∈
¯̃A−i, where ¯̃A−i is the limit points of Ã−i such that ui(ã) ≥

maxai∈Ai ui(ai, a
′
−i). As this holds for all ã ∈ Ã it follows that ui(a

′) ≥ maxai∈Ai ui(ai, a
′
−i) there-

fore ui(a
′) = maxai∈Ai ui(ai, a

′
−i). therefore ∃ai ∈ ¯̃A such that ui(ã) ≥ ui(ai) = maxai∈Ai ui(ai, a

i
−i).

Notice that: ui(ã) ≥ ui(ai) for all ¯̃A and therefore ui(a
j) ≥ ui(ai) and ui(a

∗) ≥ ui(ai). Therefore

such a profile of action profiles must exist for a∗ to be supported.

Lemma. 5 For any Strong Nash equilibrium aSNE of G, aSNE ∈ ICIR(C) regardless of C.

Proof. As a∗ is a strong Nash equilibrium, it follows that @C ∈ 2N\{∅}, a′C ∈ AC such that
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ui(a
′
C , a

∗
−C) > ui(a

∗) for all i ∈ C. Therefore a∗ is not coalitionally irrational. Now suppose that

a∗ ∈ Ãm(C) for all m < k. Notice that by the same statement this implies that a∗ ∈ Ãm+1(C).
This implies that a∗ ∈ ICIR(C) for all C.

Theorem. 6 For any C-Negotiated Binding Agreement, s∗, and any h ∈ H, s∗(h) ∈ ICIR(C).

Proof. Suppose not, for some history h′ ∈ H we have that sC(h′) = aC . By C no babbling it

follows that there exists some h ∈ H such that aC(s|h) = aC . Therefore it must be that Ui(s
∗|h) =

ui(a(s∗|h)) ≤ supa′−C∈A−C
ui(aC , a

′
−C) for all i ∈ C. By definition of aC being not coalitionally

rational, there exists a function a′C : A−C → AC such that infa−C∈A−C
ui(a

′
C(a−C), a−C) >

supa′−C∈A−C
ui(aC , a

′
−C). Consider a deviation of C at history h such that sC(h′) = a′C(s−C(h′))

for all h′ ∈ H. It follows that

Ui(s
′
C , s

∗
−C |h) ≥ inf

a−C∈A−C

ui(a
′
C(a−C), a−C)

> sup
a′−C∈A−C

ui(aC , a
′
−C)

≥ Ui(s∗|h)

for all i ∈ C. Concluding that s∗ is not a C-Subgame Perfect Equilibrium of the negotiation game.

Now suppose by contradiction that s(h′) ∈ Ãk(C) ∀k < m and h′ ∈ H but s(h′) = a /∈
Ãm+1(C) for some h′ ∈ H. By definition, it must be that a ∈

⋃
C∈C [DC(Ãm−1(C)−C) × A−C ].

Therefore it must be that aC ∈ DC(Ãm−1(C)−C) for some C ∈ C. By C-no babbling we have

that ∃h ∈ H such that aC = a∗C(s∗|h). By definition of coalition rationality given Ãm−1(C)−C ,

as aC ∈ DC(Ãm−1(C)−C) there must be some that there is some a′C : Ãm−1(C)−C such that

infa−C∈Ãm−1(C)−C
ui(a

′
C(a−C), a−C) > supa′−C∈Ãm−1(C)−C

ui(aC , a
′
−C). Consider a deviation of C

at history h such that sC(h′) = a′C(s−C(h′)) for all h′ ∈ H. It follows that

Ui(s
′
C , s

∗
−C |h) ≥ inf

a−C∈Ãm−1(C)−C

ui(a
′
C(a−C), a−C) > sup

a′−C∈Ãm−1(C)−C

ui(aC , a
′
−C)

. Therefore Ui(s
′
C , s

∗
−C |h) > Ui(s

∗|h) for all i ∈ C. Concluding that s∗ is not a C-Subgame Perfect

Equilibrium of the negotiation game. A contradiction.

Theorem. 7 For any C-Negotiated Binding Agreement s∗ must be such that, for any history h,

and for any coalition C ∈ C, there is no a′C : [ICIR(C)]−C → AC such that

inf
a−C∈[ICIR(C)]−C

ui(a
′
C(a−C), a−C) > Ui(s

∗|h)

for all i ∈ C.
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In other words, a(s∗|h) must be in the β-core with respect to ICIR(C) for all histories.

Proof. Suppose this is not the case. There is some C ∈ C a′C : [ICIR(C)]−C → AC such that

inf
a−C∈[ICIR(C)]−C

ui(a
′
C(a−C), a−C) > Ui(s

∗|h)

for all i ∈ C. It must be that s∗ is a C-Subgame Perfect Equilibrium of the negotiation game,

and therefore there cannot exist a profitable deviation for C. Notice that s∗i (h) ∈ [ICIR(C)]i for

all i ∈ N .

Consider a joint deviation from coalition C to a strategy s′C such that s′C(h) = a′C(s∗−C(h))

for all h ∈ H. By the definition of the utilities that this can induce, it is clear that

Ui(s
′
C , s

∗
−C |h) ≥ inf

a−C∈[ICIR(C)]−C

ui(a
′
C(a−C), a−C)

for all i ∈ C, and therefore ui(s
′
C , s

∗
−C |h) > Ui(s

∗|h) for all i ∈ C. In conclusion, s∗ cannot be a

C-Subgame Perfect Equilibrium of the negotiation game, and therefore cannot be a C-Negotiated

Binding Agreement.

Theorem. 8 Take any underlying game G such that there is some a∗ = aN ∈ ICIR(C) and for

all C ∈ C\N ∃aC ∈ ICIR(C) such that:

1. @a′C ∈ AC such that ui(a
′
C , a

C
−C) > ui(a

C) for all i ∈ C

2. for all C ∈ C there is some i ∈ C such that ui(a
∗) ≥ ui(aC)

3. For all C,C ′ ∈ C there is some i ∈ C such that ui(a
C′) ≥ ui(aC)

Then a∗ can be supported in a C-Negotiated Binding Agreement.

Proof. 1. if h = (a1, ..., ak) is such that there is some C ∈ C, such that ak−1−C = s∗−C((a1, ..., ak−2))

and either

(a) akl = s∗l (h\ak−1) ∀l /∈ C while akj 6= s∗j (h\ak−1) for all j ∈ C

(b) or ak−C = aC−C

then s∗i (h) = aCi .

2. s∗i (h) = a∗i otherwise

Now I will show that s∗ is a C-Negotiated Binding Agreement.

60



First, I will show that s∗ is a C-Subgame Perfect Equilibrium of the negotiation game. First,

by assumption, at no history can N deviate as a coalition to improve all their utilities if N ∈ C,
as all aC are weakly Pareto optimal in this case by the definition of ICIR(C). Now assume that

some other coalition C ∈ C has a profitable deviation. Now,suppose that aj 6= s∗j (h) for all j ∈ C,

then it cannot be profitable as it leads to a history that induces the aC−C for all periods. Now

suppose that aj 6= s∗j (h) for all j ∈ B, where B ⊂ C, while a∗j = s∗j (h). Then it must induce

a path such that either a member of B is worse off, or further deviations within C take place.

Either way, it cannot be that this is a profitable deviation.

As all histories end within 2 periods we satisfy the condition of no babbling agreements and

therefore we have a C-Negotiated Binding Agreement.

C Proofs for Appendix A

Proposition. 1 If s∗ is a Negotiated Binding Agreement with order then, for all histories for i

is active h ∈ H̃i, si(h) ∈ IADi.

Proof. By induction. Firstly, note that si(h) = ai /∈ Di(A−i) for all h ∈ H̃i. To see this suppose by

contradiction it is not the case. Then s∗i (h) = ai ∈ Di(A−i) for some i ∈ N and some history h ∈
H̃i. It must be that ai(s

∗|h) = ai for some h′ ∈ H. Given this, Ui(s
∗|h) ≤ supa−i∈A−i

ui(ai, a−i).

Further, s∗ is a Subgame Perfect Equilibrium of the negotiation game, and therefore there is

no profitable deviation for s∗i at any history for which i is active, including h′. Notice that as

ai ∈ Di(A−i) then ∃a′i ∈ Ai such that infa′−i∈A−i
ui(a

′
i, a
′
−i) > supa−i∈A−i

ui(ai, a−i). Now consider

a strategy s′i such that s′i(h
′′) = a′i for all h′′ for which i is active. Notice that, by construction

of s′i, the history (s′i, s
∗
−i|h′) must either terminate in a′i or be such that only action profiles with

a′i appear after h. In either case, we can conclude that Ui(s
′
i, s
∗
−i|h′) ≥ infa′−i∈A−i

ui(a
′
i, a
′
−i) >

supa−i∈A−i
ui(ai, a−i) ≥ Ui(s∗|h′). A contradiction to s∗ be a Subgame Perfect Equilibrium of the

negotiation game.

By the inductive hypothesis, suppose that s∗i (h) ∈ Ãmi for all h ∈ H̃i and i ∈ N . Now suppose

by contradiction that s∗i (h) = ai ∈ Di(Ã
m
−i). It must be that ai(s

∗|h′) = ai. Given this, Ui(s
∗|h′) ≤

supa−i∈Am
−i
ui(ai, a−i), as s∗−i(h

′′) ∈ Ãm−i for all h′′ ∈ H̃i. Further, s∗ is a Subgame Perfect

Equilibrium of the negotiation game, and therefore there is no profitable deviation for s∗i at any

history, including h′. Notice that as ai ∈ Di(Ã
m
−i) then ∃a′i ∈ Ai such that infa′−i∈Ãm

−i
ui(a

′
i, a
′
−i) >

supa−i∈Ãm
−i
ui(ai, a−i). Now consider a strategy s′i such that s′i(h

′′) = a′i for all h′′ ∈ H̃i. Notice

that, by definition and construction of s′i Ui(s
′
i, s−i|h′) must only be constructed using the utility

of ui(a
′
i, ·), as either (s′i, s−i|h′) ∈ Z ′, in which case it must terminate in a′i by definition, or
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(s′i, s−i|h′) ∈ Z ′′, in which case all histories following h′ use only a′i. Further, as s∗−i(h
′′) ∈ Ãm−i that

from this history on the only action profiles proposed are a′i, a
′
−i such that a′−i ∈ Ãm−i. Given this,

we can conclude that Ui(s
′
i, s−i|h′) ≥ infa′−i∈Ãm

−i
ui(a

′
i, a
′
−i) > supa−i∈Ãm

−i
ui(ai, a−i) ≥ Ui(s

∗|h′).
A contradiction to s∗ being a Subgame Perfect Equilibrium of the negotiation game.

Proposition. 2 Take any order O. a∗ is supported in a Negotiated Binding Agreement then it is

supported in Negotiated Binding Agreement with order O.

Proof. We will show that if a∗ is sustained in a Negotiated Binding Agreement then it can be

sustained in a Negotiated Binding Agreement with order O for any order. Take any order O.

Take s∗ that sustains a∗ in a Negotiated Binding Agreement. Let s′i : H̃i → Ai such that, for all

h ∈ H̃i such that h = (h′, (aO−1(1), ..., aO−1(i)−1)) we have that s′i(h) = s∗i (h
′). First note that

a(s′|∅) = a∗ and a(s′|h′) = a(s∗|h) whenever h′ = h while h′ ∈ H̃ and h ∈ H. Next we will

show that s′ is subgame perfect of the negotiation game. Suppose not, there is some i ∈ N for

which there exists some h ∈ H ′i and some s′′i ∈ Si such that Ui(s
′′
i , s
′
−i|h) > Ui(s

′|h). However,

given agents are rational and the structure of s′, they can replicate any deviation from s′i with a

deviation from s∗i . With this, we must conclude that s∗i is not subgame perfect of the negotiation

game. A contradiction. Concluding that s′ is a Negotiated Binding Agreement with order O,

leading to the outcome a∗.

Proposition. 3 If s∗ is a Negotiated Binding Agreement with all proposals, for all histories

h ∈ ˜̃H, si(h) ∈ IIRi.

Further, for any negotiated with order s∗ be be such that, for any history h ∈ ˜̃H, Ui(s
∗|h) ≥ ui

where

ui = inf
a−i∈IIR−i

sup
ai∈Ai

ui(ai, a−i)

.

Proof. By induction. Firstly, note that si(h) = a /∈ Di(A) for all h ∈ ˜̃H. Suppose by contradiction

it is the case. Then s∗i (h) = a ∈ D(A) for some i ∈ N and some history h ∈ ˜̃H. It must be that

a(s∗|h′) = a for some history h′ ∈ H. This implies that [s∗i (h
′)]j = aj ∈ Dj(A−j) for some j.

Given this, Uj(s
∗|h) ≤ supa−j∈A−j

uj(aj , a−j). Further, s∗ is a Subgame Perfect Equilibrium of

the negotiation game, and therefore there is no profitable deviation for s∗j at any history, including

h. Notice that as aj ∈ Dj(A−j) then, for all ε > 0 ∃a′j : A−i → Aj such that ui(a
′
j(a−i), a

′
−j) >

supa−j∈A−j
ui(aj , a−j)− ε. Now consider a strategy s′j such that s′j(h

′′) = (a′j(s−j(h
′′)), a′′−j), for

some a′′−j ∈ A−j for all h′′. Notice that, by construction of s′i, the history (s′j , s
∗
−j |h′) must either

terminate in a′j or be such that only action profiles with a′j appear after h′. In either case, we can

conclude that Uj(s
′
j , s
∗
−j |h′) ≥ infa′−j∈A−j

ui(a
′
j(a
′
−j), a

′
−j) > supa−j∈A−j

ui(aj , a−j) ≥ Uj(s
∗|h′).

A contradiction to s∗ be a Subgame Perfect Equilibrium of the negotiation game.
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By the inductive hypothesis, suppose that s∗i (h) ∈ Ãm for all h ∈ H̃i and i ∈ N . Now

suppose by contradiction that s∗i (h) = a ∈ D(Ãm). It must be that a(s∗|h′) = a for some history

h′ ∈ H. Further, for some j ∈ N aj ∈ D(Ãm). Without loss of generality let j = i. Given this,

Ui(s
∗|h′) ≤ supa−i∈Am

−i
ui(ai, a−i), as s∗−i(h

′′) ∈ ×j 6=iÃm for all h′′ ∈ ˜̃H. Further, s∗ is a Subgame

Perfect Equilibrium of the negotiation game, and therefore there is no profitable deviation for s∗i
at any history, including h. Notice that as aj ∈ Dj(A−j) then, for all ε > 0 ∃a′j : Ãm−i → Aj

such that ui(a
′
j(a−i), a

′
−j) > supa−j∈Ãm

−j
ui(aj , a−j) − ε. Now consider a strategy s′i such that

s′i(h
′′) = (a′i(s

∗
−i(h

′′)), a′′−i), with a′′−i /∈ A−i for all h′′ ∈ H̃i. Notice that, by definition and

construction of s′i Ui(s
′
i, s
∗
−i|h′) must only be constructed using the utility of ui(a

′
i, ·), as with the

before logic, we can only terminate in histories that have a′i infinitely repeated or an agreement

is reached with a′i. Given this, we can conclude that Ui(s
′
i, s
∗
−i|h′) ≥ infa′−i∈Ãm

−i
ui(a

′
i(a
′
−i), a

′
−i) >

supa−i∈Ãm
−i
ui(ai, a−i) ≥ Ui(s∗|h′). A contradiction to s∗ be a Subgame Perfect Equilibrium of the

negotiation game.

As proposals are simultaneous, the logic of showing that for any negotiated with order s∗ be

be such that, for any history h ∈ H̃, Ui(s
∗|h) ≥ ui where

ui = inf
a−i∈IIR−i

sup
ai∈Ai

ui(ai, a−i)

is identical to theorem 2, where s′i is selected to intentionally cause perpetual disagreement.

Proposition. 4 a∗ is supported by a Negotiated Binding Agreement with all proposals if a∗ is

supported by a Negotiated Binding Agreement.

Proof. If a∗ is supported by a Negotiated Binding Agreement then a∗ is supported by a all proposal

Negotiated Binding Agreement. Take s∗ that supports a∗ in a Negotiated Binding Agreement.

Construct s′i : ˜̃H → A as follows. Let s′i(h
′′) = s∗(h̃′′), where h̃′′ is as defined to define payoffs of

infinite histories. Clearly if s∗i is optimal so is s′i as a deviation to a partial infinite history leads

to the same payoff that could be achieved under s∗−i. A deviation to another terminal history

must be such that it could not be achieved under a deviation from s∗i . However, by definition of

s′i, this cannot be the case.

Proposition. 5 If s∗ is a Negotiated Binding Agreement then s∗ is a constant outside option

Negotiated Binding Agreement.

Proof. As s∗ is a Negotiated Binding Agreement it must be that s∗ is a Subgame Perfect Equilib-

rium of the negotiation game with the terminal infinite histories giving a payment as defined in

section 2. As s∗ never dictates that a history should be infinite and terminal, it follows that there

is no profitable deviation where the outcome leads to a deterministic outcome. It follows that
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the payoff on the path remains the same when the model of a constant outside option is taken.

Finally, as there is no profitable deviation when the deviation would induce a terminal infinite

history when the payoff is defined as in section 2, there cannot be a profitable deviation when the

constant outside option is taken. Therefore s∗ is a constant outside option Negotiated Binding

Agreement.

Proposition. 6 For all a ∈ Aagree, a ∈ IIR.

Further, if a∗ ∈ Aagree, then ui(a
∗) ≥ infa−i∈IIR−i supai∈Ai

ui(ai, a−i).

Proof. We proceed inductively. First by contradiction suppose that ai ∈ Di(A−i) while ai ∈
Aagree. As ai ∈ Di(A−i) it follows that infa′−i∈A−i

supa′i∈Ai
ui(a

′
i, a
′
−i) > supa−i∈A−i

ui(ai, a−i).

Therefore, it follows that ∀a′−i ∈ Aagree for which supa′i∈Ai
ui(a

′
i, a
′
−i) > supa−i

ui(ai, a−i). There-

fore we conclude that for any a−i ∈ Aagree−i we have that supa′i∈Ai
ui(a

′
i, a
′
−i) > ui(ai, a−i), violating

2.. Therefore we conclude that Aagree ⊆ Ã1.

Inductively, assume that Aagree ⊆ Ãk for all k > 0, we will show that Aagree ⊆ Ãk+1. Suppose

not, there is some a ∈ Ãk+1 such that a /∈ Aagree. It follows that for some ai ∈ Aagreei , while ai ∈
Di(Ã

k
−i). As ai ∈ Di(Ã

k
−i) it follows that t infa′−i∈Ãk

−i
supa′i∈Ai

ui(a
′
i, a
′
−i) > supa−i∈Ãk

−i
ui(ai, a−i).

Therefore, it follows that ∀a′−i ∈ Aagree for which supa′i∈Ai
ui(a

′
i, a
′
−i) > supa−i

ui(ai, a−i). There-

fore we conclude that for any a−i ∈ Aagree−i we have that supa′i∈Ai
ui(a

′
i, a
′
−i) > ui(ai, a−i), violating

2.. Therefore we conclude that Aagree ⊆ Ãk+1. Therefore we can conclude that Aagree ⊆ IIR.

Finally, ui(a
∗) ≥ infa−i∈IIR−i supai∈Ai

ui(ai, a−i) = ui, ∀a∗ ∈ Aagree is immediately implied by

2..
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